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ABSTRACT

This dissertation is concerned with the interaction between sexual selection and spatial
heterogeneity. I show that the mating system of a species can alter the likelihood of
niche expansion when a new environment becomes available. This is true whether or
not individuals disperse back into the ancestral habitat, or dispersal moves individuals
in one direction only. When mating is error-prone, the conditions for niche expansion
are qualitatively altered in that noninfinitesimal increases in fitness are required for niche
expansion to proceed. Spatial heterogeneity can bring about the evolution of female
choice, even when choice is costly. This brings about positive feedback between female
choice and spatial heterogeneity which leads to a correlation between large niche breadth
and female choice. When female choice is present, males are expected to attempt to
increase their mating success by altering their appearance to females. With spatial
variation, this brings about a novel signaling game where males of differing quality signal
at the same level. This signaling equilibrium is maintained as long as the advertising
signal has on average increasing returns. If female mating strategy is constrained to
a best of n mating system, then an equilibrium can exist even when utility is not
an increasing function of quality everywhere. Another aspect of sexual selection in
hermaphroditic species is the allocation of resources to male and female function. In
spatially heterogeneous environments allocation in the more variable sexual function
is reduced. The interaction between seemingly unrelated traits is a rich, relatively
unexplored area of biology which will can be used to expose the underlying causes of

natural patterns.



To the exploration of interesting problems everywhere.
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INTRODUCTION

The evolution of niche breadth evolution and the maintenance of polymorphism in
space are related fields which have received much attention. The two ideas are related
by their use of spatial heterogeneity but differ in their population dynamic scenarios and
the scope of traits considered. The polymorphism literature has been mainly concerned
with the maintenance of polymorphism given that a set of alleles is present in the
population (Levene, 1953; Dempster, 1955; Prout, 1968; Maynard Smith, 1970; Bulmer,
1972; Maynard Smith and Hoekstra, 1980; Hoekstra et al., 1985; Christiansen, 1975;
Christiansen, 1974). Theories of niche breadth expansion, or range expansion, have
generally assumed a more fluid genetic composition and reduced population dynamic
assumptions (Kirkpatrick and Barton, 1997; Holt and Gomulkiewicz, 1996). Recently,
with the emergence of adaptive dynamics, several authors have used genetically dynamic
approaches to study polymorphism (Kisdi, 1999a; Kisdi, 1999b; Kisdi and Geritz, 1998;
Geritz et al., 1998; Meszena et al., 1997). Together, these studies expose several factors

that can limit a species use of niche space or real space:

Probability of encountering new habitat

Extinction risk when rare

Migration/selection balance

Fitness trade-offs

These factors can be thought of as nested requirements for niche expansion. In-
dividuals must first reach new types of habitat before any adaptation can occur. If
dispersal ability is so low, or so specific, that new types of habitat are never reached,
then new habitats will never be included in the niche. A species with a slightly greater
dispersal ability may occasionally strand a few individuals in new habitats. If these small
populations are isolated from further immigration, then they may risk extinction until

adaptation occurs and the population begins to grow. If dispersal ability is larger again,



then populations at the edge of a species’ range may form permanent sink populations
(Holt and Gaines, 1992; Holt, 1996a). These peripheral populations will then face the
difficulty of adapting to a novel environment even as gene flow limits this potential.
Finally, if dispersal is high and the peripheral populations are not too small compared
with the source populations, fitness trade-offs can limit the spread of alleles beneficial in
the peripheral environments (Holt and Gaines, 1992; Holt, 1996a).

The operation of sexual selection can have a large effect on the likelihood of niche
expansion. When sexual selection leads to a locally adapted male mating advantage
(LAMMA), population extinction is reduced; niche expansion in the absence of trade-
offs is enhanced; and the range of trade-offs which favor niche expansion is extended.
Together, these results suggest that sexually selected lineages should have larger lineage
niche breadths.

Two recent studies have attempted to demonstrate that sexually selected lineages are
more speciose (Moller and Cuervo, 1998; Owens et al., 1999), and both find support
for this hypothesis. Although the species richness of a lineage is not identical with the
lineage niche breadth, it may serve as a reasonable proxy. The theory presented here
suggests that sexually selected species might spread out more in space, occupy a greater
diversity of niches, and survive vicariant events with greater probability. Previous work
has suggested that sexually selected lineages will have more species because of increased
divergence rates after vicariant events (West-Eberhard, 1983).

Much attention has been paid to the “paradox of the lek” and its many possible
resolutions (Borgia, 1979). The pardox is that female choice of males should reduce
genetic variance in the population, but genetic variance is required for female choice to be
adaptive. Several resolutions of the lek paradox have been subsequently proposed (Iwasa
et al., 1991; Pomiankowski and Moller, 1995; Kirkpatrick and Ryan, 1991; Hamilton
and Zuk, 1982), and several arguments dismissing the lek paradox have also appeared
(Reynolds and Gross, 1990; Rowe and Houle, 1996). The potential for spatial hetero-
geneity to maintain the variation on which female choice acts has been mentioned but
has not received widespread support (Taylor and Williams, 1982).

The evolution of female choice can occur in spatially structured environments and does
not remove heritable fitness variability. In fact, once female choice evolves, the potential
for further niche expansion is increased, which in turn reinforces selection for female

choice. For this type of sexual selection to evolve, females must be able to detect locally



adapted males. Although studies have not been specifically designed to detect LAMMA,
several have found effects suggesting that environmental changes can alter mate choice
(Droney, 1992; Droney, 1996; Simmons, 1987b; Watt et al., 1985; Watt et al., 1986;
Mappes et al., 1996; Proctor, 1992).

When females use cues to assess mate quality, selection favors males that attempt to
sway the decision-making process of females by increasing their display. This advertising
display can still yield reliable information on male quality if display is costly in the right
way. The general conditions, outlined by Zahavi (1975; 1977) and proven formally by
Grafen (1990a), are as follows:

e Increasing display increases mating success

e Display is costly

e Display is costlier for low quality males

e The cost of display is related to the utility to females

Spatial heterogeneity can alter the relationship between the utility of males to females
and male quality. Migrants may display as though they were of high utility but actually
be of low utility because they are adapted to a different location. A signaling equilibrium
will still exist as long as the expected utility as a function of quality is increasing. Under
a restricted type of mate choice, an equilibrium can exist even when expected utility is
not always increasing in quality. This allows for stable signaling equilibria, even when
sets of males provide misleading displays.

Spatial variation is often conceived of as acting at the scale of the deme, but it can have
significant effects when acting at the level of the individual. Individual-level variation can
alter selection on any trait for which there is a mean/variance trade-off. One example
of such a trait is sex ratio when male success and female success is variable. In this
example, mean success is always maximized for sex ratios of one half, but variance is
minimized when all investment is through the least variable sexual function. The effect
of individual-level stochasticity is particularly sensitive to the population size, but this
can be interpreted as the deme size in a metapopulation. The effects of individual-level
variation can be substantial even in species with large observed populations, if those
populations are structured into relatively small demes.

The first three chapters of this thesis deal with the relationship between niche breadth



and sexual selection: The first two chapters explore the population-level consequences of
sexual selection in terms of niche expansion and population persistence, and the third
chapter is concerned with the reciprocal effects of spatial heterogeneity on the evolution of
sexual selection via female choice. Chapter 4 discusses the effects of spatial heterogeneity
on female choice and male advertising through a game theoretic perspective. Chapter 5
discusses the effects of individual-level variation on mean-variance trade-offs in general

and the specific effects on sex ratio evolution.



CHAPTER 1

MATING SYSTEMS AND THE EVOLUTION
OF NICHE BREADTH !

1.1 Introduction

All species exist in spatial environments. Why a species’ range ends where it does
has been a question long studied by ecologists. Generally speaking, a species’ range will
be limited either because inhospitable environments act as barriers preventing access to
some favorable environments or because all remaining uncolonized space is inhospitable.
I will refer to the set of all environments hospitable to a particular species as its niche.
In this paper, I am concerned with changes in the niche of a species due to evolution and
will not consider changes in the range of a species due to other factors, such as removal
of barriers to dispersal.

A first step towards the broadening of a species’ niche is the ability to persist in new
environments. This ability may result from enhancement or alteration of an existing trait
or the addition of a novel trait. However, this change in ability may be associated with
a decrease in fitness in the ancestral environment. This could be due to a trade-off in
fitness between the two environments or simply due to a relaxation of selection followed
by drift. Whether such adaptations persist and develop depends on the spatial dynamics
of the population (Levene, 1953; Dempster, 1955) and on the mating system of the species
(Laland, 1994).

In a randomly mating species, niche breadth is unlikely to expand because most of the
evolutionary pressure is on performance in environments in which the population currently
performs well (Holt, 1996b; Kawecki, 1994; Kawecki et al., 1997). Holt elegantly compares
this phenomenon to differential selection by age. Just as younger individuals have
more potential reproductive success than older individuals, so individuals in hospitable

environments have greater reproductive potential than individuals in inhospitable envi-

IThis chapter appeared in The American Naturalist 154:89-98



ronments. A population distributed over multiple environments will tend to evolve greater
reproductive success in the environments that already allow high reproductive success
at the expense of reproductive success in marginal habitats and can even experience a
“mutational collapse” in marginal habitats (Kawecki et al., 1997). A recent extension to
continuous space and quantitative genetics has been provided by Kirkpatrick and Barton
(1997), who show that when environments vary continuously, a species can expand its
niche if the change in environments is slow relative to the intrinsic genetic variation.
When the environment changes rapidly in space, niche breadth expansion is unlikely to
occur.

Several studies have tangentially discussed the effect of nonrandom mating on niche
breadth evolution, such as Lande’s (1982) description of run-away sexual selection on
a cline (Laland, 1994; Tomlinson, 1989). In this model, the male trait that is used by
females to select mates confers fitness differentially along the cline. These models typically
show that sexual selection can lead to overemphasis of the cline in the male trait and
mirroring of the cline in the female preference (but see Tomlinson, 1989). New alleles
that confer a fitness advantage on a portion of the cline where males currently have low
fitness will persist and spread through the population.

The effect of positive assortative mating, as a result of imprinting, in spatially variable
environments has also been explored (Laland, 1994). In this model, novel adaptive alleles
are unlikely to spread because females prefer males most similar to their fathers. When
two populations in different environments exchange migrants, imprinting can increase
the proportion of adapted individuals in each environment, given that local adaptation
is already present.

In none of these models, however, do females experience fitness differentials over the
cline. The models lack explicit population dynamics and implicitly assume that the
population has equal reproductive rates in all portions of the environment. When clines
greatly alter reproductive success, these models cannot predict the fate of an allele that
affects both sexes.

Previous discussions of mating systems in spatial environments did not examine niche
breadth expansion, and so did not consider population dynamics. Only recently has
the power of population dynamics to alter evolutionary results been studied in detail
(Lynch et al., 1993; Kawecki, 1994; Holt, 1996b). As Holt and Gomulkiewicz (1996)

show, models that include population dynamics can generate results quite different from



traditional population genetic models. For example, migration/selection balance depends
not only on the rate of migration and the relative fitness in two environments but also
on the absolute fitness of alleles. I combine explicit population dynamics (Holt and
Gomulkiewicz, 1996) with nonrandom mating, showing that deviations from random
mating can either restrict or expand the potential for niche breadth evolution.

I consider two population dynamic scenarios: a single migrant pulse and continuous
migration. In both cases a “mainland” population sends migrants to an “island” which
is outside the current niche. I consider three mating systems: random mating, positive
assortative mating, and sexual selection. In each scenario I look for conditions that allow
niche breadth expansion. When immigrants arrive in a single pulse, I show that sexually
selected species evolve faster and face a lower risk of extinction than randomly mating
populations, whereas assortatively mating populations evolve slowly and face increased
risk of extinction.

In the second scenario immigrants move into the island population each generation
but no individuals return to the mainland. In this case sexually selected species can
expand their niche even when there is a large difference between their mainland niche
and the conditions of the island. Randomly mating populations, as shown by Holt and
Gomulkiewicz (1995), can only expand their niche if the island environment is virtually
contained within their niche, whereas completely assortatively mating species cannot
overcome the preference for ancestral characters unless the mutant individuals have twice
the fitness of ancestral individuals. Furthermore, with sexual selection, the rate at which
individuals adapt to an island increases over time.

These results suggest an explanation for increased speciation and niche breadth among
sexually selected species lineages (West-Eberhard, 1983). Sexually selected species are
more likely to survive vicariant events that can lead to speciation, and to expand their

niche even when vicariant events do not occur.

1.2 A General Model of Mating Systems
I adopt a general model of a mating system that can be applied to a wide array of mech-
anisms and /or preferences. First, a group of n males is presented randomly to each female.
Then, the male with the phenotype most closely matching the female’s “preference” is
chosen to mate with that female (Seger, 1985; Janetos, 1980). If only one male is sampled,

then random mating occurs. The mating system can be interpreted either as female



choice, where each female chooses from n males, or as male-male competition, where
n males compete for each female. The mechanism determining “preference” is initially
left undefined to allow generality. A more realistic model would allow for stochasticity
in the implementation of the preference, but this would increase the dimensionality and
complexity of the model without altering the basic results or providing new insight. The
preference can be determined individually for each female or may be the same for all
females.

I develop a haploid, two allele, one locus model of a species with discrete nonoverlap-
ping generations to describe the evolution of niche breadth. The analyses presented here
are deterministic, which is formally equivalent to assuming infinite population size. The
relative sizes of populations have meaning in that island populations are small compared
to mainland populations.

I contrast three types of mating system: positive assortative mating, locally adapted
male mating advantage (LAMMA), and random mating. With assortative mating, each
female prefers males that share her phenotype. Assortative mating can operate when
females imprint on characters of their parents and then choose mates accordingly (Laland,
1994). With LAMMA each female prefers males that are locally adapted. This system
operates if the general “health” of a male determines mating success, through either
female choice or male-male competition. More abstractly, genes conveying local adapta-
tion have a pleiotropic effect on mating success. This property is subject to evolution
and can arise as an honest signal through a handicap process (Zahavi, 1975), through
female perception of a revealing indicator (Maynard Smith, 1985), or through male-male
competition (Andersson, 1994).

If p is the frequency of the preferred type, then (1 —p)™ is the probability that a group
of n males contains no males of the preferred type. If the group of n males contains no
preferred males, then the female mates with a member of the group at random. If females

of type ¢ prefer type j males, then

Probli female does not mate with type j| = (1—p)" =1—- M, ;(p), (1.1)

which defines M; ;(p) as the probability that a type i female mates with a type j male
(see Table 1.1).



If the group of n males from which a female’s mate is chosen contains any males of
the preferred type, then that female mates with a preferred male.

The number of offspring of each type produced follows

Ni(t+1) = Ny(t) (MM(})) + M%””) + Nj(t) Mjg(p), (1.2)

where N;(t) is the number of type ¢ individuals at time ¢, and p is the proportion of type
1 individuals at time t. This says that the number of type i individuals increases due to ¢
females mating with both ¢ and j males and due to j females mating with ¢ males. This
is a general equation, but the M; ;’s will depend on the mating system (Table 1.2).
Under either mating system, increasing n increases the likelihood that an individual
mates with the preferred type. As Table 1.2 shows, the mating probabilities depend on
the genotype of the female under assortative mating but not under random mating or
LAMMA. The assortative mating and LAMMA models differ only in that the preference
of ancestral females has been reversed. Figure 1.1 shows the total mating success of

locally adapted males for each mating system.

1.3 Population Structure
For any mating system, the path that evolution takes also depends on population

structure and environmental conditions. I consider a small, relatively isolated population

Table 1.1. Variable definitions for Chapter 1

Variable | Definition

D proportion of locally adapted type

q proportion of ancestral type

n number of males sampled for each female

M; ; probability type ¢ female mates with type j male.
N;(t) number of type ¢ individuals at time ¢

AL growth factor of the locally adapted type in isolation
A growth factor of the ancestral type in isolation

Dm proportion of locally adapted type at mating
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Figure 1.1. The total mating success of locally adapted males as a function of the
proportion of adapted types in the populations. For each panel A4 = 0.9, and A\, = 1.1.
In each panel, the curve for assortative mating (dotted line) starts below that for random
mating (dashed line), and the curve for LAMMA (solid line) is always the highest curve.
The value of n is 1.5, 2, 10, and 100, respectively. For n = 1.5 a mixed mating system
was used where half of all females mate randomly and half use a best-of-two strategy. As
n increases the curve for LAMMA increases faster and shows a greater deviation from
random mating. Finally, as n approaches infinity, all females mate with locally adapted
males. The curve for assortative mating shows greater differences from the random mating
curve as n initially increases, but then returns to approach the random mating curve as
n increases towards infinity. For these values of A; and A4, the assortative mating and
random mating curves are most different when n is approximately 2.43.
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that exchanges migrants with a large, genetically homogeneous population. The effects
of LAMMA and assortative mating are explored under two population dynamic assump-
tions: the fate of a new island population that is completely cut off from the mainland
population (section 1.3.1), and the fate of an island population that receives a constant
number of immigrants (section 1.3.2). The growth factor of a type is the average number
of female offspring produced by each female and acts as a measure of absolute fitness for

a homogeneous population.

1.3.1 Isolated Founder Populations

A new population formed by a vicariant event may experience little gene flow from
other populations. This population can persist only through internal population dynamics
(see Figure 1.2). If this population is initially maladapted, so that the growth factor is
initially less than 1, then it will deterministically go extinct unless evolution alters the
growth factor (Holt and Gomulkiewicz, 1996). Even if the population evolves toward
a more adapted state, it may first reach such low numbers that it goes extinct through
Allee effects, demographic stochasticity, or inbreeding depression. Holt and Gomulkiewicz
(1996) have shown that increased initial adaptation and large initial population size both
increase the likelihood that an isolated sink population will evolve and persist in a new
environment. Here I will show that LAMMA increases the chance that a population
persists, and positive assortative mating decreases the probability of persistence.

Assume that an initial population of size Ny is introduced to a new environment.

Initially, there is little genetic heterogeneity with respect to genes that confer adaptation

Table 1.2. The formulas give the probability that a female mates with a
male with the given genotype. The mating frequencies for assortative mating
populations depend on the genotype of each female.

Mating System Female Genotype Male Genotype

Locally Adapted | Ancestral

Assortative Mating | Ancestral (I—-p) 1—-(1—-p)"
Locally Adapted | 1—(1—p)" (I—p)
Random Mating P (1-p)

LAMMA 1—(1—p)" (I—p)
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Figure 1.2. A maladapted population that experiences immigration will behave like
a sink if no evolution occurs. Under random mating, the adapted mutants act like an
isolated sink population without immigration. Nonrandom mating can allow adapted
mutants to have more offspring than they would if they were isolated, providing a source
of effective immigration of adapted mutants.
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in this environment. Suppose there are two alleles, one of which, the “locally adapted”
allele, has higher viability than the “ancestral” allele. If the locally adapted allele does
not provide a growth factor greater than one, then the population will go extinct, barring
additional mutation events.

With random mating, the proportion of the population that is adapted in the next

generation is

_ ALp(t)
PO = 5@+ aall = 50 )

where p(t) is the proportion of locally adapted individuals at time ¢, and A\, and A4 are
the growth factors of locally adapted and ancestral individuals, respectively. At every
time step, the population will grow by a factor determined by the number of locally

adapted and ancestral individuals. N(t) can be described in general as
N(t) = No [J (p()AL + [1 — p(t)]Aa), (1.4)

where N (t) is measured at birth (before selection). The population size at any time

depends on both the initial population size and the initial frequency of the two types.
It is convenient to define p(t) as the proportion of locally adapted types in generation ¢

before selection and p,, (t) as the proportion of adapted types from generation t at mating

(after selection). The proportion of locally adapted types obeys

M) F gm(®) (M) ., (15

e+ 1) = o (®) (M (o (0)) + 41 ;

where pp,(t) = #&t\lq(t), and ¢, (t) =1 — pm(t).

The recursion equations for the three models always fall in the same order (Figure
1.3).  The recursion equation for LAMMA lies entirely above the recursion equations
for both random mating and assortative mating. The recursion equation for assortative

mating starts below the recursion equation for random mating, crosses at some p less than

1

3, and lies above the recursion equation for random mating for larger values of p. As n
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Figure 1.3. A sample plot of the recursion equations for each mating system. Aq = 0.9,
and Ay = 1.1. The highest line is the recursion equation for LAMMA (solid line). The
recursion equation for assortative mating (dotted line) starts out below the recursion
equation for random mating (dashed line) but supersedes it before the locally adapted
gene reaches a frequency of 1/2. This pattern holds for all parameter values that preserve
the relationship between Ay and A4. Again, n is 1.5, 2, 10, and 100, respectively. For
n = 1.5 a mixed mating system was used where half of all females mate randomly and
half use a best-of-two strategy.
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increases, assortative mating looks more and more like random mating. When n is very
large each female observes many males. Even females who prefer rare males will often
get their preference, meaning that mating frequencies are exactly the same as genotype
frequencies, just as in the random mating model.

When the locally adapted type is rare, matings between locally adapted males and
locally adapted females will never occur; all locally adapted types will mate with ancestral
types, if they mate at all. Assortative mating and LAMMA have opposite effects on the
mating success of rare, locally adapted males. Under assortative mating, ancestral females
prefer ancestral males, which are easy to find, so ancestral females are never ‘stuck’ with
locally adapted males. Under LAMMA, however, ancestral females prefer locally adapted
males, and mate with them more often than their frequency alone would suggest. This
is true even when locally adapted males are rare. The condition for spread of the locally
adapted allele is found by taking the derivative of p(t + 1) with respect to p(t) evaluated
at p(t) = 0 and finding when the derivative is greater than 1.

dM
dp(t + 1) TR )
dp(t) p(t)=0 2)\14

. (1.6)

The critical measurement of the mating system is the probability that an ancestral female
mates with a locally adapted male when p =~ 0. The probability is 0 for pure assortative
mating and np for LAMMA. Using equation 1.6, one can calculate the derivative of the
mating frequency function and the critical fitness required for the locally adapted allele

to increase in frequency for each mating system (Table 1.3).

Table 1.3. The first column shows the derivative of the mating frequency function,
and the second and third column show critical levels of Ay, for the increase in frequency
of the locally adapted allele.

dei—’];“(p) ’p:O Isolated Founder Population | Black Hole Sink
Assortative Mating 0 224 2
Random Mating 1 Aa 1
LAMMA n P4 =
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The principal result is that the locally adapted allele requires greater fitness to increase
in frequency under assortative mating than under either random mating or LAMMA, even
when some proportion of females mate at random.

It is unlikely that A; will be significantly greater than A4 (but see Orr and Coyne,
1992). Therefore, Ap, is likely to be less than 1 unless A4 is already near 1.

With pure assortative mating, the locally adapted type must have a viability greater
than twice that of the ancestral type if it is to spread. With random mating the locally
adapted allele must have a viability greater than the ancestral type to spread. Under
LAMMA, the viability of the locally adapted type can be less than the viability of the
ancestral type and still spread, but this allele would not be preferred under LAMMA,
and a run-away sexual selection model would be invoked.

An isolated population will only persist if individuals with high growth factors per-
sist. Two factors decrease their chance at success: frequency dependent selection and
stochastic effects. Assortative mating populations can have strong enough frequency
dependent selection to cause deterministic extinction, even when alleles for high growth
factors are present. High growth factor alleles increase in frequency in both randomly
mating and LAMMA populations, but stochastic effects may still be present. I do not
model the specific risk of extinction here, but other studies have shown that time spent at
low population size adversely affects population persistence (Menges, 1998; Lande, 1993;
Gomulkiewicz and Holt, 1995). LAMMA populations spend less time at low population
size than randomly mating or assortatively mating populations (equation 1.4 and Figure

1.4), so LAMMA populations will have lower extinction risk.

1.3.2 Recurrent Migration: Black Hole Sinks

In the previous section I assumed that newly founded populations were completely
separated from the founding population. Here, I relax that assumption and examine
the effect of recurrent migration on local adaptation. Holt and Gomulkiewicz (1996)
consider conditions under which the new population can evolve fitness greater than 1
by small changes in fitness. They show that when mating is random, only mutants
with growth factors greater than 1 can persist, contrary to traditional population genetic
views of migration selection balance (Hartl and Clark, 1989). If most mutations only alter
fitness by a small amount, such species will almost never expand their niches across sharp
boundaries. T show that LAMMA qualitatively changes this result, making it possible for

a species to gradually adapt to new environments.
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Figure 1.4. Plots of the number of individuals through time for three mating systems.
Parameter values are A3=0.9, Ar=1.1, p(0) = 0.1 for all mating systems. The curves,
from top to bottom, are LAMMA, random mating, and positive assortative mating. n is
1.5, 2, 10, and 100, respectively. For n = 1.5 a mixed mating system was used where half
of all females mate randomly and half use a best-of-two strategy. In the first two panels,
the positive assortative mating population will eventually go extinct.
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I assume that migrants move before viability selection and develop a phenotype in
the same environment in which they will mate. The situation is outlined in Figure 1.2.
With random mating, the locally adapted population acts independently of the ancestral
population. The ancestral types are maintained by immigration, like a draining sink
that would empty without being refilled. All immigrants are assumed to be ancestral
types. The locally adapted types are maintained through reproduction, either female
production of offspring or male mating success. Because random mating does not change
gene frequencies, the locally adapted type will go extinct under random mating if it has a
growth factor of less than 1. However, if mating is nonrandom, then locally adapted types
can maintain a population through increased male mating success even if their growth
factor is less than 1.

The equation for the increase in the frequency of the locally adapted type is similar

to equation 1.5, with the addition of a term m for the surviving ancestral immigrants.

Pon() (M (1)) + ML) o g (1) (M)
pt+1) = . (L)
1+m

The locally adapted mutants will persist in the population if, for small values of p, the
locally adapted types produce more than one offspring per capita. This condition can be
found by taking the derivative of the N (¢t+1), the number of locally adapted alleles as in
equation 1.2, with respect to Np,(t) evaluated Np,(t) = 0, and finding when the derivative
is greater than 1 (Table 1.3).

Holt and Gomulkiewicz (1996) have shown that for randomly mating populations, Ar,
must be greater than 1 for a locally adapted mutant to spread, matching the results
obtained here. However, as n increases, the critical value of A\ drops. Here, if n = 2
then for pure LAMMA populations Az, must only be greater than 2/3, and for pure
assortative mating populations Az, must be greater than 2. If most mutations are small,
then evolution will only maintain niche breadth in randomly mating populations, not
increase it. Populations with LAMMA, however, can slowly expand their niches. If a
population colonizes a new habitat where the ancestral fitness is significantly less than
1, then slightly more fit mutants will still have fitnesses less than 1. These mutants can
persist if LAMMA is sufficiently strong and can then mutate to higher fitness values,

until eventually their fitness exceeds 1. The speed at which evolution acts will depend
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on the total number of locally adapted types, which will increase as the fitness of locally
adapted types increases (Figure 1.5). The equilibrium p does not depend on the amount
of migration, but the equilibrium N does, so the speed of evolution will depend on the

number of migrants arriving per year.

1.4 Conclusions
It is often assumed that male mating behavior is a waste of resources and a detriment
to the species, even to the extent that it can increase the probability of extinction, as in
the famous example of the Irish elk (Andersson, 1994). I have shown that some types of
mating systems increase the chance that populations survive vicariant events and adapt
to novel environments even in the face of gene flow.
I have discussed three types of mating systems that fall under the same general

framework. Nonrandom mating occurs through a ‘preference’ and a best of n choice

(o]
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Critical level of
local adaptation

Relative number of
adapted individuals

0.5 0.6 0.7 0.8 0.9 1

Degree of local adaptation

Figure 1.5. The number of locally adapted types as a function of Ay, scaled to the
population size in the absence of locally adapted types, with A4= .5. If the locally
adapted types have fitness greater than the critical level of adaptation, then they will
persist. As A, approaches 1, the number of adapted types rapidly increases. This curve
is not affected by the amount of migration.
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based on that preference. This model of mating was designed to reflect female choice
(Seger, 1985) but can also reflect male-male competition. LAMMA could be produced
through female choice of vigorous males, as has been shown in lepidopterans, crickets, and
some other species (Simmons, 1987a; Watt et al., 1986; Andersson, 1994; Droney, 1996)
or through male-male competition where vigorous males are likely to out-compete other
males. Assortative mating is unlikely to occur through male-male competition, because
it requires that the males have an advantage when they resemble the females they are
competing for.

Although previous studies have examined the effect of mating system on local adapta-
tion (Lande, 1982; Laland, 1994), none have included population dynamics in the detail
set out here. I have shown that LAMMA increases the chance that a new population
will survive without recurrent migration, whereas assortative mating may completely
eliminate that chance. LAMMA populations have greater minimum population sizes
than either randomly mating or assortatively mating populations and recover from these
minima sooner. If the risk of stochastic extinction increases as the time at low population
size increases and as the minimum population size decreases, then LAMMA populations
will always be more likely to survive than populations that mate randomly or assortatively.

Assortatively mating populations initially evolve slower than randomly mating pop-
ulations but may later surpass randomly mating populations in growth. However, pure
assortative mating populations will only evolve if the locally adapted allele is more than
twice as fit as the ancestral allele. Given that mutations that increase reproductive
rate by a factor of 2 are rare (with the possible exception of parthenogenetic mutants),
assortatively mating populations are likely to go extinct when they are suddenly exposed
to environments where their fitness is less than 1.

The rates of niche breadth evolution in populations that experience recurrent migra-
tion are also affected by their mating system. Populations that mate randomly will only
evolve increased niche breadth when the ancestral fitness is close to 1, as shown by Holt
and Gomulkiewicz (1996). LAMMA populations, however, will experience increased niche
breadth evolution whenever the ancestral fitness is between Hin and 1. Pure assortative
mating populations will never expand their niche breadth through mutations of small
effect, because in populations with ancestral fitness of less than 1, only mutants with
fitness greater than 2 can spread.

The evolutionary fate of a population can be conceived of as a series of steps, as
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mutations spread and subsequently mutate to more fit mutants. In the random mating
case, there is only one step of interest; a mutant with fitness greater than 1 arises and
is fixed. If the ancestral fitness is close to 1, then mutants of this type are possible, but
are otherwise unlikely. Under LAMMA, locally adapted mutations are maintained if they
have fitness greater than 1+Ln After the first locally adapted mutant reaches equilibrium,
it will produce new locally adapted mutants with greater fitnesses at a rate proportional
to the total number of locally adapted mutants. Each slightly better locally adapted
mutant will have a higher equilibrium size, so the time until the next step will get smaller
and smaller. The rate of evolution in LAMMA populations will accelerate through time,
until the new environment lies within the niche of the population.

The results presented here are for extreme mating systems, in that females are able to
exactly discriminate between locally adapted and ancestral males. This case is interesting
because it shows the upper limits of both the population-level benefits of LAMMA and
the population-level costs of assortative mating. Inclusion of a mixed mating system,
where some proportion of females mate randomly and the rest use a best of n rule,
is straightforward and produces qualitatively identical results. In this case the locally
adapted allele requires an absolute fitness greater than 1 to spread in an assortatively
mating population but can still spread with absolute fitness less than 1 in a LAMMA
population.

The generality of these results depends on several underlying assumptions of the model.
First, deterministic dynamics are assumed everywhere and the inclusion of stochasticity
would shed light on the actual extinction probabilities rather than providing a ranking of
risk. However, qualitative results are unlikely to be altered by the inclusion of stochas-
ticity. Second, the relationship between male quality and female perception of quality
is assumed to be perfect. Deviations from this assumption can be treated in a similar
manner to that of mixed mating strategies, but this issue is deeper because it touches on
the evolution of the mating system itself. Third, the population dynamics are intended
to mimic immigration to a sink population that is small compared with the source
population, so no migration back into the source population is allowed. These dynamics
also apply to situations in which so few migrants return to the source population, relative
to its size, that the mutants are likely to be lost through drift before reimmigrating to
the sink.

Two aspects of this theory can be tested: The ability of individual species to exhibit
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LAMMA and the phylogenetic effects of LAMMA. It is conceptually relatively simple
to test an individual species for the presence of LAMMA. Many studies of adaptive
mate choice impose constant conditions on all individuals and therefore would not reveal
adaptive variation in male quality and subsequent female choice based on this adaptive
variation. In order to test for the presence of adaptive mate choice based on local
adaptation, experimenters need to include multiple environments for both parental males
and offspring in mate choice experiments.

LAMMA should produce a phylogenetic effect which can be observed after LAMMA
has been confirmed in a species for which a phylogeny is available. Because LAMMA
increases both the probability that a species will survive vicariant introductions to new
environments and the likelihood that a new niche is invaded, the total niche breadth
of a LAMMA expressing lineage should be large compared to that of a non-LAMMA
lineage. A LAMMA lineage can attain high niche breadth either by having few species,
each with large, nonoverlapping niche breadths or by having many species with small,
non-overlapping niche breadths. A previously proposed effect of sexual selection is the
increase in speciation rates (West-Eberhard, 1983). This theory suggests that sexually
selected species that exhibit LAMMA will additionally be more likely to survive vicariant
events separating populations, a necessary precursor to the theory of increased speciation
rates.

The evolution of LAMMA is tightly linked to the effects of LAMMA. Specifically,
LAMMA produced by female mate choice will be under increased selection in popula-
tions that experience spatial variation, and increased LAMMA will increase the spatial
variation experienced (Chapter 3). LAMMA can thus arise as a species encounters novel
environments, and positive feedback will increase selection for LAMMA.

Species niche breadth is usually discussed with respect to the malleability of traits that
affect foraging, competitive interactions or resistance to adverse environmental conditions
(Arthur, 1987; Pianka, 1988; for a discussion of the potential interactions between mating
system and competitive environment, see Adler, 1999). I suggest that the mode of
reproduction can have a strong influence on how species and lineage niche breadth evolve,
played against the background of naturally selected traits. In species that mate assor-
tatively, niche breadth evolution will be greatly reduced, whereas species where locally

adapted males have a mating advantage, niche breadth evolution will be accelerated.



CHAPTER 2

BIDIRECTIONAL MIGRATION AND
ERROR-PRONE MATING

2.1 Introduction

The evolution of a species’ niche is likely to be influenced by changes in the environ-
ment, competition from other species, the spatial structure of the environment, and the
evolutionary lability of traits affecting niche breadth. In a previous paper (Proulx, 1999)
I have shown that under some simple spatial structures the mating system can alter the
evolution of niche breadth. This paper extends this work to spatial environments where
individuals disperse in both directions between a large mainland (ancestral) population
and small island (peripheral) population. With this spatial structure, the spread of
mutant alleles will be determined by their success in both habitats, so the trade-off
between success in the two environments will figure prominently. When mating occurs
at random, this spatial structure will typically lead to niche conservatism, as most of
the reproductive value lies in the ancestral habitat (Holt, 1996b; Holt, 1996a; Holt and
Gaines, 1992). The asymmetry in reproductive value can arise from asymmetric dispersal
rates or from low initial fitness in the island.

Habitat that cannot support population growth is likely to be found at the edges of
a species’ range. Populations may be maintained in this unsuitable habitat by dispersal.
These sink populations are likely to be at low density so that conspecific interference is
rare. When dispersal moves individuals in both directions, then the fate of a new allele
will be determined by its success in both habitats. A single neutral allele followed through
time would spend time in both habitats, but it would spend more time in the habitat
with the lowest per capita dispersal rate (independent of population size). This weights
selection towards the habitat with the lowest dispersal rate, which is likely to be the
ancestral habitat (Holt, 1996a). Selection is also weighted towards the habitat in which
the ancestral allele (wild type) initially has the greatest fitness (Holt and Gaines, 1992).
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These two factors are likely to lead to niche conservatism, but this effect may be removed

through nonrandom mating.

2.1.1 Locally Adapted Male Mating Advantage

I previously introduced “locally adapted male mating advantage,” or LAMMA, which
describes situations in which males with the highest viability receive the most matings.
This could occur as a result of male-male competition or through female choice of healthy
males. The female choice interpretation relies on a “truth in advertising” or good genes
type of male display. If males develop in the environment in which they will mate, then
male phenotype, or display, should reflect the fit between their genes and the environment.
The viability locus that affects males is assumed to operate in females as well, so that
males with high viability in a given environment are likely to have offspring, either female
or male, with high viability in the same environment. Sex general viability alleles have a
pleiotropic effect on male mating success.

Although males with higher viability should be favored in mating when LAMMA
operates, it is unrealistic to expect small differences in viability to have the same effects
on mating success as large differences in viability. To incorporate this property, I have ex-
tended my model of the mating system to include perceptual error, so that the probability
of confusing two males increases as the two males become more and more similar.

The spread of a new allele depends on the viability of the mutant allele in each
environment and on the mating success of males bearing the mutant allele. A mutation
that increases viability in the island and decreases viability in the mainland will reduce
male mating success in the mainland but increase male mating success in the island. The
net effect of LAMMA will depend on the parameterization and strength of LAMMA. I
show that under most conditions, LAMMA will increase the spread of the mutant allele.

This paper is concerned with evolution of increased niche breadth in peripheral popu-
lations. This increase in niche breadth can occur through the spread of new alleles which
will eventually be fixed in each subpopulation or through the spread of alleles which will
reach high frequency in the peripheral population but remain polymorphic. I explore the
effects of random mating and three versions of the locally adapted male mating advantage
(LAMMA) mating system. Generally under random mating, an allele can spread only if
it reduces fitness less in the mainland than it amplifies it in the island.

When LAMMA operates, a mutant adapted to the peripheral population experiences

benefits in terms of both survival and mating in the island, and costs in terms of both
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survival and mating in the mainland. When there is only an infinitesimal survival cost
in the mainland, the mutant will still pay a mating cost in the mainland and so may be
less likely to spread under LAMMA than under random mating. However, an arbitrarily
high level of LAMMA is guaranteed to cause the spread of island adapted alleles, so that
LAMMA can only be detrimental to adaptation in the island when it is weak.

The above models assume that upon observing a male each female is able to exactly
identify his quality, but females are likely experience some amount of perceptual error
and sometimes mis-identify males. In this case, two males who are very similar will be

perceived as identical.

2.2 Niche Expansion Under Random Mating

I have shown in a previous paper that niche breadth evolution is sensitive to the mating
system when migration back to the mainland patch is negligible (Proulx, 1999). In this
section I will extend this result to a two patch system with bi-directional migration, as
has been done previously (Holt, 1996a; Holt and Gaines, 1992). The ultimate goal is to
outline the conditions for niche expansion in a spatially structured meta-population, but
the results in this section should illuminate the underlying causes of niche conservatism.

I consider a simple population dynamic scenario in which a mainland population is
in density-dependent equilibrium and a sink island population experiences no density
dependence. Migrants are exchanged as juveniles and experience viability selection and
phenotypic development in the patch they settle in. This most closely resembles the life
history of lepidopterans and other insects in which females lay eggs in multiple distinct
habitats.

I assume that the proportion of individuals which migrate is constant regardless of the

population size. Given these conditions a set of recursion equations can be defined as

pm(t+1) = (Wi (Nin(1 = dm)pm(t) +nri(t)ds)) / (2.1)
(Wi (N (1 = g )pin () + npi(t)di) +
Nin (1 = dm)(1 = pm(t)) + na:(t)di)

nri(t+1) = np(t)(1 —d;)Rr; + Nppm(t)dmRr ;i (2.2)

nAﬂ'(t + 1) = nAﬂ'(t)(l — di)RAﬂ' + Nm(l — pm(t))dmRA’i, (2.3)
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where P, is the proportion of island adapted individuals on the mainland, nz ; is the
number of island adapted (locally adapted) individuals on the island, and n4; is the
number of ancestrally adapted individuals on the island (Table 2.1).

When will a species expand its niche under random mating? If the population
is initially genetically homogeneous an equilibrium island density will develop. This

equilibrium is given by

NmRA,idm
1-— RAJ(l — di).

VA

(2.4)

When a mutant allele arises it will be rare and a linear matrix describing the growth
dynamics can be found by substituting equation 2.4 into equations 2.1 and 2.2. This

matrix is given by

Non(1=dy) Wi, NonWondim
A — Nm(l—dm)—l-ﬁAyidi Nm(l—dm)—‘rﬁA’idi
where R; and W,,, are assumed to be less than 1. The dominant eigenvalue can easily be

found using a symbolic mathematics package such as Maple or Mathematica. If the mutant

allele has is costly in the mainland and beneficial in the island then the allele will spread if

Ri>(1+dndi—di—dm)Rai —1+dp)Wp — (1 —d; —dp)Ra; —dm+1)/ (2.5)
(L= di)dm + di(2 — di) = 1)Rai)(1 — Win)+
(di—i-dm—1)Wm+dmdi—dm—di+1).

As must be true, substituting W,,, = 1 into this condition yields R; > R4 ;. If there is no
cost in the mainland, the allele always spreads. What happens if there is a cost in the
mainland?

First, substituting R4 ; = 1 into equation 2.5 yields

Wm(dm B 1) + 1

B> G i dyy — 1)+ (1= dy)°

(2.6)
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The critical level of R; for which choice alleles spread will be denoted as R; .

dR; . 4

so that a small decrease in fitness in the mainland must bring about an increase in island
fitness greater than the ratio of the dispersal rates if it is to spread. This means that
when dispersal is density independent, local adaptation will occur when a trade-off with
a slope of unity or less operates, as in Holt’s model (Holt, 1996a). However, this follows
from assuming R4 ; = 1, so that the island was in the fundamental niche initially.

If Ra; is not equal to 1, then the derivative of R; . becomes

dRi,c
AW

= ((~d? +2d; — dpd; + d, — DRE 1+ (2.8)
(—Qdm +2+dnd; — Qdi)RAyi -1+ dm) /(dmdz)

Wm=1

This will be greater than 1 for R 4 ; less than 1, as can be seen by taking another derivative

of R; .derivative, this time with respect to R4 ; as follows,

d dRi,c 2 — Qdi - dm

dR A, AWy, - dm (29)

Wm:LRA’iZI

which is strictly positive in the range of interest, d,,,d; € (0,0.5). This means that a
decrease in R, ; makes the necessary trade-off function even more negative. In other
words, a large benefit in the island is required to offset any loss in the mainland when

the initial island fitness is low.

2.3 Niche Expansion with LAMMA

LAMMA describes a result, not a mechanism, and as such could be modeled in many
ways. | adopt a modified version of the ‘best of n’ mating system (O’Donald, 1980;
Janetos, 1980), in which females examine n males and mate with the male most closely
matching her preference. I adopt a system where females examine a variable number of

males by searching a fixed area and mate with the male with the highest survivorship.
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Males are assumed to be distributed uniformly in space, without regard to their genotype.
Thus, each female examines a Poisson number of males, with the expected number of
observed males equaling the product of the area searched A\ and the density of males. I
will refer to this mating system as the ‘fixed search effort’ model.

Both the best of n and the fixed search effort model have a discontinuity which limits
their applicability. These models assume that females have complete information about
the males they observe, so that if one male has a slightly higher quality than another,
she will choose the higher quality male. This difficulty can be overcome by introducing
an element of error into female perception, so that although males of high quality are
likely to be perceived as having higher quality than males of low quality, two males of
similar quality are unlikely to be discriminated between. I will refer to this model as the
‘perceptual error’ model.

The probability a female mates with a male of each quality will depend on the
frequencies of each type of males and the ranking or differences in male qualities. The
mating frequencies for each type of male are described elsewhere (Chapter 3;Appendix
B).

The matrix describing the spread of a new allele adapted to the island will be generi-

cally described by the matrix B, which equals

(N (L=dm) W) /2+((1=dm) My, (0) W) /2)) (dm Ny (L=dm) W) /24 ((1=dm ) My, (0) W) /2))
((1_dm)Nm+(didmNmRA,i)/(1+(—1+di)RA,i)) ((1_dm)((1_dm)Nm+(did7rLNmRA,i)/(1+(—1+di)RA,Z')))

(di(((l—di)Ri)/Q'f(‘l((ld—;h)(MZ{(U))Ri)/Q)) ((1—di)Ri)+((12—di)(Mf(o))Ri)

Here, M/, (0) and M/(0) are derivatives of the function that describes the probability of
mating with the mutant allele on the mainland and the island, respectively. The forms of
these derivatives are shown in Table 2.2. For fixed search effort model, only the ordering
of male qualities effects mating frequencies. The perceptual error model incorporates
the concept that it should be difficult to discriminate among very similar males, and so
mating frequencies depend on the actual qualities of each genotype.

The mating systems described here provide a logically consistent method for deter-
mining the relationships between the fitnesses of mutant alleles and the mating success
of those alleles. This system could accommodate any relationship between the M ’s and

the allele fitnesses, or arbitrary values for all four parameters.
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W, The relative fitness of the mutant on the mainland
R; The absolute fitness of the mutant on the island
Ry The absolute fitness of wild type individuals on the island
Np, The carrying capacity of the mainland
N The number of locally adapted individuals on the island
NA; The number of ancestral individuals on the island
P (t) The proportion of mutants on the mainland
dp(t) | The proportion of individuals which leave the mainland each generation on
d;(t) The proportion of individuals which leave the island each generation
M, (p) | The probability that a female on the mainland mates with a mutant male
M;(p) | The probability that a female on the island mates with a mutant male
A The average number of males observed per female
v The exponential error in female perception of male phenotype
Table 2.2. Linearized mating success for the two models.
Mating System Male Genotype
Favored Disfavored
Fixed Search Effort | A + e~ e AN+ 1)
Oy _ o - XTvir,
Perceptual Error L (HAPVt;;ij_ﬂfi)A+y(uAl wre) | e Né;l(j::j% -
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2.3.1 Colonization Under LAMMA

New alleles will spread differently in randomly mating and LAMMA populations
depending on the amount of fitness lost in the mainland and the degree of female choice.
One extreme class of mutants has a complete loss of fitness in the ancestral environment
and a gain of fitness in the island. Under these conditions LAMMA will always improve
the spread of such new alleles. The mating success of mutants in the mainland is irrelevant
because they all die. On the other hand, LAMMA of any flavor will have a positive effect
on mating success in the island. Thus LAMMA has no cost in the mainland and a benefit
in the island, so mutant alleles will have larger eigenvalues in LAMMA populations and
will spread under a wider range of island fitnesses than the same mutants in randomly
mating populations.

The critical level of island fitness required to offset complete loss of fitness on the
mainland can be calculated for the fixed search effort model. Figure 2.1 plots the critical
fitness level as a function of the amount of time spent searching for mates. For the fixed
search effort model with error, the island fitness required for the new allele to spread
depends on the fitness of the ancestral allele in the island as well. Figure 2.2 shows the
critical island fitness as a function of the amount of error (v). As long as the new allele
has a different fitness from the old allele, then as v becomes large, the critical island
fitness with error is the same as without error. For low v, the island fitness must be
higher because the mating advantage of the mutant is relatively weak.

The critical island fitness can be found for mutants that have some function on the
mainland. The effect of LAMMA on the spread of mutants which have reduced, but
positive, fitness on the mainland is equivocal. The mating success of mainland mutant
males will be reduced, and the mating success of island mutant males will be increased.

When LAMMA becomes very strong, all females mate with the males they wish to
mate with. This means that on the mainland, island-adapted males are never mated
with, and on the island, all females mate with island-adapted males. Females, however,
reproduce normally. This means that under extreme LAMMA, the new island-adapted
allele produces half as many copies on the mainland as under random mating. On the
island, however, the rare island-adapted allele produces as many copies of itself as there
are females on the island. In the limit of rarity this is an infinite proportional increase,
which will always outweigh the 50% reduction on the mainland. However, even under

the logical restriction of there being at least one individual mutant on the island, the
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Figure 2.1. Critical island fitness level for a mutant allele to spread as a function of
the average number of males observed. The three curves represent the three different
dispersal rates (island to mainland) of 0, 0.15, and 0.3, in increasing order.



32

12

11

0.7

Island Fitness Required for Spread

0.6

05 1 1 1 1 J
0 5 10 15 20 25

Perceptual Error

Figure 2.2. The critical level of island fitness varies between that of a randomly mating
population and of a LAMMA population without error as v increases. The parameters
are Ra; = .5,A = 2,d; = .1,d,, = .1. Under random mating a mutant allele must have
a fitness of greater than about 1.1 in order to increase, whereas under LAMMA without
perceptual error the fitness must only be greater than about 0.71.
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advantage is N;-fold.

That argument works to show that an infinite amount of LAMMA will always improve
a new island-adapted allele’s chances of spreading, but what about a small amount of
LAMMA? We can evaluate the effect of a small amount of LAMMA by taking the
derivative of the eigenvalue with respect to prq, or A. If it is positive, then a small
amount of LAMMA is beneficial, whereas if it is negative then a small amount of LAMMA
is detrimental. For the fixed search effort model this derivative is always 0, so the second
derivative governs the behavior of the function near 0. We find that for low mainland
fitness even a small amount of LAMMA is beneficial, but for high mainland fitness it is

not. For a small amount of LAMMA to be beneficial, the mainland fitness must be below

((Qdm —2dn + dpdin — 2d;n — 2 + 2d; + 2n— (210)

VAddi + AQRd; + Adydin 4 d2,d20% + Ad2dyy — Adydn — 4d2,din)
(1 = Ra; + Raid; — dpy, + dinRa;))/
(Q(dz + dpmdin — d;n — dpd; — d?n —14+n+2d,, — 2d,n + d?nn)(l — Rai + RAZdz)) .

for the fixed search effort. Figure 2.3 shows the maximum mainland fitness for which
small amounts of LAMMA are beneficial. Even when small amounts of LAMMA are
detrimental, it only takes a small amount of LAMMA for it to become beneficial, as is

shown in Figure 2.4.

2.3.2 Perceptual Error

Perceptual error can define another continuous path between random mating and
LAMMA. When v is 0, there is no information on male genotype contained in male
phenotype, so random mating occurs regardless of female strategy. As v tends to infinity,
the mating system tends toward a fixed search effort system, as long as the male genotypes
are different. This means that as v is adjusted up from 0, the eigenvalue of the mutant
allele moves from that of a random mating system to that of a fixed search effort system,
but not necessarily monotonically. Figures 2.5 and 2.6 show the eigenvalues of new island
alleles as functions of the new alleles island fitness for several v’s.

One interesting feature of this system is that, for intermediate v’s, there is no guarantee

that increasing the amount of time spent searching will increase the eigenvalue. This is in
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Figure 2.3. If the mainland fitness of a mutant allele is less than a critical value, then
any amount of LAMMA will increase the spread of this allele. The only free parameter
is the ancestral island fitness, which is set to 0.5.
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Figure 2.4. The reduction in spread of a mutant allele at low levels of LAMMA
depends on the spatial and selective structure. For relatively severe conditions A
must only be greater than about 4 for the allele to spread. The parameters are
Ry; = .5, R; = .5001, W,,, =1 for all curves. The dispersal rates are set equal (d; = d,)
and vary from 0.05, 0.15, 0.5. Increases in the dispersal rate increase the A at which the
allele spreads.
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Error Reduces the Spread of Mutant Alleles
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Figure 2.5. If the mainland fitness of a mutant is sufficiently low, then a small increase in
LAMMA will result in an increase in the rate of spread of the mutant allele. Perceptual
error can reduce the spread even below that of a randomly mating population. The
parameters are d; = .1,d,, = .1, R4; = .8, R; = .81, W,,, = .7 for all curves. The small
dashed curve is for randomly mating populations, whereas the broad dashed curve is for
a population with no perceptual error. The solid curves are for different amounts of error,
v, at 10, 50, 100, and 200. The higher solid curves are for larger v.
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Error Increases Spread of Mutant Alleles for Small LAMMA
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Figure 2.6. When mainland fitness of a mutant is high, then small amounts of
LAMMA can reduce the spread of the mutant allele. Perceptual error can reduce
this effect for small A, but for large A error reduces the spread. The parameters are
di =.1,dy, = .1,Ra; = .8, R; = .81,W,, = .7. The small dashed curve is for randomly
mating populations, and the broad dashed curve is for a population with no perceptual
error. The solid curves are for different amounts of error, v, at 10, 50, 100, and 200. The
higher solid curves at A = 2 are for larger v.
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marked contrast to the fixed search effort model where increasing the time search brings
about an unbounded increase in the eigenvalue. The limit of the mating success as A

tends to infinity is

My = e V1= Wn) (2.11)

m; = e V(RimRai) (2.12)

where m,,, is the mating success of the mutant on the mainland when rare, and m; is the

mating success of the mutant on the island when rare.

2.3.3 Other Mating Systems
The framework presented here can be extended to include any mating system for which
the M"’s can be calculated. In fact, arbitrary values can be inserted into the matrix B,
and the eigenvalues can be found. Solving for mating advantage on the island which gives

an eigenvalue of 1 yields

((—2R; + (=1 = mpp )W + 2)R; + (2myy, + 2)W, ) Ra)d; + (2.13)
2mun + 2) W + (L + mp)Way — 2)R; + 4 4 (=2 — 2myy )Wy ) Rai +
(=1 = M) Win + 2)R; — 4)dy, + ((—1 — ) Wy + 2) RiRapd3 +
(=1 = mp) Wi + 2)Ri + (2, + 2)Wi, —4)R; + 4 +
2 — 2m )W) Rai)di + (=2 — 2m )W + (2 + 2) Wi, +

m; =

(
(
(
(
(—
(=1 = M)Wy +2)R; — 4)Rai + (1 4+ myp) Wy, — 2)R; +4)/

(X +mm) Wi = 2)RiRa; + 2Ri)di + ((—=1 — mm) Wi + 2)RiRa; +
(14 M) Wi — 2) Ry + (1 4+ 1) Wy — 2) RiRasd? +

(=2 = 2my) Wi + 4)R;Ra; + (1 + myn) Wi — 2)Ri)d; +

(1

+ mm) m Q)RZRAZ + ((_1 - mm)Wm + Q)Rz)a

where m,, is the mainland mating success and m; is the island mating success.
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2.4 Conclusions

When a species encounters a novel environment which is outside of its fundamental
niche, the species will adapt to the new environment only if such adaptation is not
outweighed by a correlated loss of fitness in the ancestral environment. If the new
niche is similar to ancestral niche, then the trade-off is limited by the ratio of the island
and mainland dispersal rates, which corresponds to the proportion of mutants in each
environment. If the island dispersal rate is large compared to the mainland dispersal
rate, then a new neutral allele will experience the mainland environment more than it
experiences the island environment. This puts more weight on the selective costs in the
mainland than on the selective benefits in the island. If the island significantly differs
from the mainland, then the ancestral allele is expected to have absolute fitness lower
than one, and the selective effects will be further weighted toward the mainland. This is
similar to the bias of selection towards younger individuals due to their high reproductive
value (Holt, 1996b).

Because the island is much smaller than the mainland, one would expect a small
proportion of the mainland to disperse to the island each generation. The proportion of
the island which disperses to the mainland is not limited by this factor, although it might
be reduced through density-dependent dispersal. Therefore, one would expect the ratio
of the island dispersal rate to the mainland dispersal rate to be larger than unity. This
leads to another prediction: In species in which density dependence reduces the dispersal
rate when population size is small, niche breadth expansion is more likely.

When the matings system is altered to reflect LAMMA, then alleles can spread in the
population even when the trade-off in fitness does not reflect the reproductive value
in those environments. In particular, large amounts of LAMMA will guarantee the
spread of alleles which are beneficial in the island and detrimental in the mainland.
This happens because extreme LAMMA will only reduce the success of the novel allele
by 1/2 in the mainland (male function) but can increase the success in the island without
bound. Under extreme LAMMA, all island females mate with mutant males, and since
mutant males only represent an infinitesimal proportion of the island population their
proportion increases by an infinite factor. Even under the constraint that there be at
least one mutant in the island, the factor of increase under extreme LAMMA will be half
the island population size, so large amounts of LAMMA will increase the spread of the

allele as long as the island population size is greater than four.
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Perceptual error in the mating system can reduce, or even reverse the effects of
LAMMA, even when LAMMA is extreme. When error is complete, random mating occurs
and the effect of LAMMA is entirely eliminated, regardless of its strength. In the other
extreme, as error goes to zero (v — o0) the effect of LAMMA is completely recovered, as
long as the allele has an appreciable effect in both habitats. For intermediate error, cases
arise in which increased LAMMA has a negative effect on the spread of the mutant allele.
Error has the most effect when the mutant allele differs only slightly, because this allows
the most confusion between phenotypes. The effect of error on a rare detrimental allele
is not identical to the effect of error on a rare beneficial allele, so in this parameterization
it is possible for error to cause increases in LAMMA to decrease the spread of the rare
allele. In the same vein, small amounts of LAMMA can be detrimental to the spread of a
rare allele even without error. Other parameterizations would not have this effect if they
meet the criterion shown in equation 2.13, which defines the necessary qualities a mating

system must have if it is to increase niche breadth.



CHAPTER 3

SPATIAL HETEROGENEITY RESOLVES
THE PARADOX OF THE LEK

3.1 Introduction

The “paradox of the lek” is that the genetic benefits of female choice will be reduced
through long-term sexual selection, but these genetic benefits are required for the mainte-
nance of female choice. Spatial heterogeneity, however, can lead to genetic polymorphism
which preserves heritable fitness variance. Although migration has been included in some
models of female choice (Taylor and Williams, 1982), spatial heterogeneity has not been
viewed as a satisfactory resolution of the lek paradox.

The lek paradox, as stated by Borgia (1979), is the apparent contradiction of two
aspects of female choice: heritable fitness variation is reduced due to long-term sexual
selection, and genetic benefits of female choice are required for female choice to be
maintained by selection. Previous explanations of lekking behavior relied on nongenetic
benefits, such as reduced time investment in mating and reduced predation risk, whereas
Borgia (1979) suggested that heterozygote advantage could maintain genetic variance.
Several resolutions of the lek paradox have been subsequently proposed (Iwasa et al.,
1991; Pomiankowski and Moller, 1995; Kirkpatrick and Ryan, 1991; Hamilton and Zuk,
1982), and several arguments dismissing the lek paradox have also appeared (Reynolds
and Gross, 1990; Rowe and Houle, 1996). The proposed resolutions rely on specific
underlying genetic or coevolutionary models and ignore the fact that all species exist in
spatially structured environments.

Taylor and Williams (1982) reviewed the proposed resolutions of the “lek paradox”
and compared three alternative mechanisms. They compared heterozygote advantage,
linkage disequilibrium, and migration. Although they state in their results that only
linkage disequilibrium and spatial heterogeneity could produce the heritabilities observed
in nature, they do not promote spatial heterogeneity as a likely factor maintaining female

choice. Likewise, Andersson (1994), in his review of the entire sexual selection literature,
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devotes only a paragraph to spatial heterogeneity and does not refer to Taylor and
Williams’ (1982) discussion of migration.

Although spatial heterogeneity has received little attention in the sexual selection
literature, temporal heterogeneity has received much. The Hamilton-Zuk hypothesis
suggests that temporal cycling of parasite genotypes can sustain directional selection
on host immune systems, thus preserving heritable variation (Hamilton and Zuk, 1982).
This hypothesis has received much attention but has recently been drawn into question
by parasite transmission studies (Abile, 1996; Hamilton and Poulin, 1997; Poulin and
Vickery, 1993).

Iwasa and Pomiankowski (Iwasa et al., 1991; Pomiankowski et al., 1991) have shown
that mutational biases away from extreme traits can maintain costly female choice of
males, even if no genetic benefits are provided. Pomiankowski and Moller (1995) have
suggested that selection for increased variance can maintain additive genetic variance
in male display traits. However, they did not model selection on female choice when
modifiers increase the variance in male trait. It remains to be seen if variance modifiers
can maintain both additive genetic variance and female choice, or if selection on female
choice will be reduced by the lack of correlation between male phenotype and genotype.

Although many studies have discussed niche polymorphism, most have treated all other
characteristics of the species and the population dynamics as being fixed. For example,
Dempster (1955) and Levene (1953) both proposed models in which two alleles were
present in a population existing in a spatial environment. The nature of the environment
and the two alleles determined whether or not a polymorphism would persist in the
population. Many subsequent papers have used this static approach, but a few have
allowed additional aspects of the species to change (Maynard Smith and Hoekstra, 1980;
Hoekstra et al., 1985). DeMeusse et al. (1993) allowed the propensity of an individual to
select a given habitat to evolve, but again restricted consideration to pairs of alleles at
each locus.

An alternative approach would be to specify a trade-off function describing the success
of an allele as a function of the phenotype produced and environment encountered. Then,
instead of asking whether or not a particular pair of alleles would produce polymorphism
in one spatial regime, one would ask whether or not a species was likely to evolve a stable
polymorphism in a particular spatial regime. This approach has recently been taken by

using adaptive dynamics to study polymorphism (Meszena et al., 1997; Geritz et al.,
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1998; Kisdi, 1999a; Kisdi, 1999b; Kisdi and Geritz, 1998). Polymorphism can only evolve
if the difference in the patches is large enough compared to the strength of selection.
My focus in this paper is on the evolution of female choice in spatial environments,
not on the evolution of spatially maintained polymorphism. The models presented here
differ from previous analyses of polymorphism in that they use an ESS approach and
assume partial migration. Partial migration models are notoriously difficult to analyze
(Fred Adler, pers. comm.), so I restrict my attention to numerical methods. I show
that when some information on male quality is present, female choice will evolve when
polymorphism is present. This outcome leads to an increase in the range of habitats
which can be colonized by the species. Female choice and polymorphism can coexist for
parameters that do not allow polymorphism without female choice. This result suggests
that, even if environmental conditions change over time so that polymorphism would not
be possible without female choice, a species that has already evolved female choice will still
maintain a polymorphism and thus maintain selection for female choice. Asymmetries in
habitat size and reductions in dispersal restrict the conditions favoring polymorphism and
female choice. These results suggest that spatial polymorphism can lead to the evolution
and maintenance of female choice and, once female choice has evolved, lead to additional

increases in niche breadth, further reinforcing maintenance of female choice.

3.2 An Improved Model of Female Choice

Many models of female choice exist in the literature and have been developed to serve
different purposes. Several models have been adapted by Lande (1981; 1982) for use with
quantitative genetic models, whereas others such as fixed relative preference and best of
n (O’Donald, 1980; Janetos, 1980) have been developed for two locus models. I have
previously applied the best of n model to examine the evolution of niche breadth under
different mating systems (Proulx, 1999) and expand on that model of female choice here.

This model is designed to accommodate variable female preferences and mating effort
so that the evolution of the strength and direction of choice can be studied. Females
are assumed to be incapable of discriminating between males with similar phenotypes.
The model includes several arbitrary assumptions which can be altered to suit future
applications but do not affect the qualitative results of the paper.

In this model, males are assumed to vary in phenotype along a one-dimensional

continuum. This phenotype is coded genetically, but there is an additional stochastic
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effect included in the realized phenotype. The males are uniformly distributed in space,
without respect to phenotype. Females have a directional preference for male phenotypes
as they are observed. Each female spends some time observing males and then chooses
to mate with the male who best matches her preference.

The number of males of each genotype a given female observes will depend on her
mating effort, the frequencies of the male genotypes, and the total density of males.
However, the total density of males can be scaled out, as long as it does not vary spatially,
by assuming that a female who spends one time unit searching, or alternatively searches
a unit area, will observe on average one male. Given a uniform density of males (males
distributed by a spatial Poisson process), the number of males observed by a given female
is Poisson distributed with parameter A, the female search effort. Likewise, the number of
males of a given genotype a female will observe is Poisson distributed with parameter Ap;,
where p; is the frequency of genotype i. For example, if three genotypes are present, the
probability that a female observes a group consisting of n1, ns, and ns males of genotypes

1, 2, and 3 is

)\n1+n2+n3pn1pn2pn36—)\

1 F2 F3

Prini,ng,n3] = e . (3.1)
T1:nging:

Male phenotype is assumed to be coded by the random variable
Pr|Z; = z] = e V1), (3.2)

for z; greater than p;. In other words, u; is the phenotype coded by genotype i, but the
realized phenotype is perturbed upward by a negative exponentially distributed random
variable. Given that gy > pe and py > ps, the probability that a female observing a

group of n1, ng, and n3 males mates with a male of genotype 1 is

6o Ve_l/(w_/il )

Primi|ni,na,n3] = / ni(1 — e?@H)ym (1 — ev@=H2)ynz (3 3)
T=H1

(1 — e/@=1)yms gy,

1= e v(@m)
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The total probability that a female mates with a male of a given genotype can now
be calculated by summing up the mating probabilities, conditioned on a set of observed
males, over all possible sets of observed males. The probability of mating with a male of

genotype 1 is

oo oo 0

Primi] = Z Z Z Primi|ni, no, ng] Prny, na, ns], (3.4)

n1=0mn2=0n3=0

which can be evaluated to

pre’t — (ple_VM(>\P1+>\p26"(“2"‘1)+>\p36"<“3’”1)))

Primi] = . (3.5)
p1eYH 4 poeVH2 + pgeVis

The above calculation does not account for the situation in which a female observes no
males. I model this possibility by assuming that a female who finds no males during
her search will continue searching until she finds a male and then mate with him. This

A A must

assumption results in random mating with probability e™*, so that the term pie™
be added to the result of equation 3.5.

This procedure can be repeated for each male genotype and extended to an arbitrary
number of genotypes. Further specific calculations of mating probabilities referred to in

the text will be relegated to the appendices.

3.3 Multiple Patch Models

This paper is concerned with the evolution of female choice in spatially structured
environments. Spatially structured environments can maintain genetic polymorphism,
which provides a source of heritable genetic variance. In this section, I present a model
for the dynamics of a spatially structured system with female choice. The loci coding for
both adaptation to different habitats (adaptation locus) and female choice (choice locus)
are able to evolve.

Space is structured into discrete patches linked by density- and genotype-independent
dispersal. Habitats can differ in their sizes and dispersal probability. Dispersal is global,

so that the incoming complement of dispersers is the same for each patch. Dispersal is
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not assumed to be complete; only a fraction of individuals leave each patch in a given
generation.

Each habitat presents a fixed environment which lies on a one-dimensional continuum.
Individuals have an optimum environment which is determined additively by the adap-
tation locus. Viability is Gaussian in the difference between the genetic optimum and
environment of the habitat. Although both sexes experience viability selection based on
their genotypes, males also develop a visible phenotype that is determined pleiotropically
by the viability locus in conjunction with stochastic effects. The order of events is mating
— dispersal of zygotes — development, viability selection, and culling — mating.

These assumptions define a set of recursion equations for the frequencies of each
genotype at the adaptation locus given a fixed level of female choice. I will use subscripts
to denote which genotype and habitat a particular variable refers to, so that n;; is the
number of individuals with j copies of the habitat 1 allele in habitat ¢. Mutants are
designated with a hat and can have either 1 or 0 copies of the habitat 1 allele. The life
cycle is broken down into three parts: juvenile (juv), mating (mat), and zygote (zyg).

The complete list of variables is given in Table 3.1.

H
nl(t) = wig(Ni(1—di)pf(t— 1)+ > (uNadipf¥ (t — 1)) (3.6)
i=1
¢ nj?v(t)
(1) = —’ 3.7
P = S ) 3.7)
G
pift) = Zp?,;““" ) D (Mi(A, pe*e(t))/2) (3.8)
k=1

These recursion equations can be solved numerically to find the equilibrium frequencies

of genotypes in each habitat.

3.3.1 Invasion of New Alleles
The recursion equations developed in the last section allow one to follow the frequencies
of genotypes in a spatially structured population. However, to follow the evolutionary
dynamics, the fate of a new, rare allele must be known. The success of a new allele will be
determined by its effect in heterozygote form at low frequency. This allows approximation

of the new allele’s mating success and growth by a matrix. If the dominant eigenvalue of
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nquv (t) | The number of type j juveniles in habitat ¢ at time ¢

W The viability of type j male in habitat 4

figa The viability of type j with search effort A female in habitat 4

i The frequency of habitat i in the environment

pZ}at The genotype frequencies at mating

p?f”jby The genotype frequencies amongst zygotes

Pi; The frequency of the mutant allele in habitat ¢, heterozygous with allele j
M; ; The probability a type i female mates with a type j male

Mmut; | The probability of mating with a mutant/allele i heterozygote

H The number of habitat types

G The number of genotypes

Tmaz The maximum fitness

v The inverse of perceptual error

A The amount of female effort spent searching for mates

I The log of the increase in cost due to a unit increase in search effort
d; The proportion of individuals who disperse from habitat ¢

The number of individuals in habitat 4
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this matrix is greater than one, then the new allele will invade when rare. This analysis
can be done for new female choice alleles as well as for new adaptation alleles.

To examine the invasion of new environmental adaptation alleles, I approximate the
mating success of a rare allele using a first order Taylor’s series approximation around
0 frequency (Appendix B). The matrix governing invasion for two habitat types with
a polymorphism encompasses the four possible states of the new allele; two possible
heterozygotes in two habitats. The matrix can be written as the sum of two matrices:
one matrix describing female success and one describing male success. The contributions

of the four states can be represented by

3

(.3 X)) = pisdinfyy s S (MEAR ) (3.9)
=0
3

M) X (kD) = Pugdigny Y (MG L), (310)
=0

where M (i, \,p) is the probability of mating with an individual with i copies of the
habitat 1 allele, or with a mutant with ¢ copies of the habitat 1 allele, p is the vector of
genotype frequencies, and m is the number of alleles the mutant has in common with the
individual it is mating with. The eigenvalue of F'4+ M can be taken to find the spread of
the rare allele.
For female choice alleles two similar matrices can be defined, where the new allele is
associated with one of three genotypes at the environmental adaptation locus.
3
F((i, )X (k1) = pijdinfys Z <M<m;x,ﬁ>%> (3.11)

M((i, /)X (k1)) = Pijdipw,; Z (J; A\ D) (3.12)

2)

3.3.2 Joint ESS for Adaptation and Choice Alleles
The joint adaptation/female choice evolutionarily stable strategy (ESS) occurs when
a pair of viability alleles and a single female choice allele cannot be invaded by a new

viability or female choice allele. I find the ESS through a combination of numerical
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solution and iteration. First the ESS for viability alleles is found given a fixed level of
female choice by numerically solving for ESS conditions. That is, the eigenvalue of an
invader strategy playing an established strategy is 1, and the derivative of the eigenvalue
of an invader strategy at both of the established strategies is 0. If the ESS is a single
strategy, then both established strategies will be identical at the level of resolution. Then,
I find the ESS female choice given the established phenotype strategy by solving for the
derivative of the eigenvalue equal to 0 when the invader strategy is the same as the
established strategy, with respect to the choice strategy of the invader. This new female
choice strategy is then used to solve for the ESS for the adaptation locus iteratively, until
all strategies change by less than 1074,

For randomly mating populations, the difference between the two habitats, Az, deter-
mines how many alleles are present in the population at equilibrium. If the two habitats
are very similar, then one allele which is optimal for an intermediate environment is fixed.
As the difference between the two habitats increases past a critical value (Azqit), two
alleles are maintained (Kisdi, 1999a). Figure 3.1 depicts this bifurcation along with the
habitat optima. As Az becomes large, the allele values overshoot the habitat optima,
due to effects of heterozygote fitness.

The effect of LAMMA on the pattern of alleles depends on the amount of perceptual
error. In the limit of complete error (v = 0), random mating occurs and the bifurcation is
the same as in Figure 3.1. As the amount of error decreases, the bifurcation point occurs
for lower Az and the allele values more closely match the habitat optima (Figure 3.2).
This pattern can be seen quantitatively by plotting the bifurcation point as a function of
the amount of error (Figure 3.3).

It is important to note that there are two stable states under LAMMA; at values
of Az which are lower than Az..; there are actually two stable equilibria. Female
choice can only evolve if there are differences between males, so that an evolutionary
trajectory may not follow the bifurcation diagram. This hysteresis can act to provide
more stability, because if migration rates or habitat differences push the population above
Azq+ and female choice evolves, the parameters must move a long distance back for the
polymorphism to be removed (Christiansen, pers. comm.).

Figure 3.4 shows the ESS level of female choice (\) as a function of Az which
corresponds to the polymorphisms in Figure 3.2. As the amount of perceptual error

is reduced, ESS female choice increases but reaches its maxima at lower Az. Female
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Figure 3.1. The bifurcation diagram for random mating. The alleles present are plotted
as a function of the difference between the selected optima in the two patches, which are
shown by the dotted lines. This is a plot of the symmetric case with the dispersal rates
at 0.2.
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Figure 3.2. ESS bifurcation diagrams. The different curves are for different levels of
perceptual error. For complete error, or random mating, the bifurcation happens at the
highest level of Az. As the amount of error decreases the bifurcations happen at lower
levels of Az. The alleles present more closely match the habitat optima for lower levels
of error. This is a plot of the symmetric case with the dispersal rates at 0.2



52

Perceptual Error
0.75 T T

No choice

0.65

Critical Delta z

0.45-

0.5 1 15 2 2.5 3 3.5 4

Figure 3.3. The effect of perceptual error on the critical Az. This is for the symmetric
case with the dispersal rate at 0.2.
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Delta z

Figure 3.4. Optimal female choice as a function of Az for the same parameters as in
Figure 3.2. As perceptual error decreases, the optimal amount of female choice increases.
For all levels of error, there is an intermediate maximum.



54

choice is maximum for intermediate habitat differences because, for large Az, natural
selection makes the likelihood of mis-mating low, and for low Az, the cost of mis-mating
is low.

The effects of asymmetric dispersal and habitat size are well documented in the
literature (Maynard Smith and Hoekstra, 1980; Hoekstra et al., 1985; Christiansen, 1975;
Christiansen, 1974). The patterns with LAMMA are similar, but in the case of habitat
size more extreme. Figure 3.5 shows the relationship between the bifurcation point and
the ratio of habitat sizes. As in random mating models, skewed habitat sizes decrease
the potential for polymorphism. With LAMMA, however, this potential is affected less,
and the difference between the random mating and LAMMA populations increases as
habitat size skew becomes large. The pattern for dispersal is more complex, because the
point of bifurcation depends on both dispersal parameters directly. Figure 3.6 shows the

bifurcation point as a function of the two dispersal rates, for LAMMA only. This surface
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Figure 3.5. Critical Az as a function of the ratio of population sizes in the two habitats.
This is for symmetric dispersal rates of 0.2 and v = 1.
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is always below that of a randomly mating population. As the amount of migration

increases, the range of conditions promoting polymorphism decreases.

3.3.3 Invasion of New Habitats

The polymorphism analysis assumes that both habitats are occupied and in density-
dependent equilibrium. However, when a new habitat first becomes available, population
density will be low, and the population will be maintained as a sink if no evolution
occurs (Holt and Gomulkiewicz, 1996). For a population in a habitat outside of the
fundamental niche, maintained only by dispersal, population growth will only occur if
evolution occurs. In a previous paper, I have discussed the effects of mating system on
niche breadth evolution (Proulx, 1999). I use the same methods developed there, with the
mating system, genetics, and population structure assumed here, to find the maximum
difference in habitats for which evolution from sink to source can occur. I assume for

simplicity that there is no migration from the new habitat back into the two established
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Figure 3.6. The critical Az as a function of the two dispersal rates. This if for symmetric
population sizes with v = 2.
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habitats. The absolute fitness of an optimal genotype must also be defined for this model,
and is arbitrarily set to 1.1.

The range of invasible habitats shifts as Az initially increases and then expands as Az
increases when a polymorphism is maintained. Figure 3.7 shows the difference between
the maximum invasible habitat and highest currently occupied environment. The dashed
line represents the largest invasible habitat for a species occupying only one habitat. For
no male information, the maximum invasible habitat is always lower than for a population
occupying a single habitat, although it can be higher when information on male quality
is available. The initial decrease in the range of invasible habitats occurs because the

population is fixed for a generalist allele but the optima of the occupied habitats changes.

1.2

single habitat v=1

v=2

v=0

Habitat Optimum

Delta z

Figure 3.7. Ranges of invasible habitats for the same parameters as in Figure 3.2. The
figure shows the difference between the environmental conditions in the occupied habitats
and the habitat with the highest environmetnal condition which is still invadible. The
curve is initially decreasing before a polymorphism occurs. The polymorphism occurs at
lower Az and the range of invasible habitats is greater for less error.
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3.4 Conclusions

The purpose of this chapter is not to discuss the maintenance of polymorphism per se,
but rather to explore the conditions leading to the evolution and maintenance of female
choice. Although spatial heterogeneity has been mentioned in connection with female
choice (Andersson, 1994; Taylor and Williams, 1982), no studies have addressed the joint
evolution of female choice and spatial polymorphism. My model explores the evolution of
female choice in a spatially heterogeneous environment. My results indicate that female
choice can evolve in spatially heterogeneous environments and that female choice can be
maintained along with spatial polymorphism under conditions which would not support
polymorphism without female choice. Female choice increases the range of habitats which
are invasible by the species, further increasing the species’ realized level of heterogeneity.

Female choice can only evolve if males differ genetically and this difference is appre-
ciable to females. In my model, this requires that some information on male genetic
quality is available, i.e., v > 0, and that polymorphism is maintained. Because female
choice alters the set of conditions which maintain polymorphism, female choice can
be maintained under conditions that do not result in the deterministic evolution of
female choice. It remains to be seen if small perturbations around a monomorphic
ESS can result in the development of a polymorphism in conjunction with the evolution
of female choice. Female choice can maintain polymorphism under conditions that do
not allow polymorphism without female choice, but the species must first encounter
conditions which allow the evolution of female choice. Another possibility is that a
species successively colonizes more habitat after female choice evolves under conditions
which allow polymorphism.

My conceptual view of a possible eco-evolutionary trajectory of a species is shown in
Figure 3.8. First, the species only occupies one habitat type, Hy, and has no female choice.
A small range of habitats are potentially invasible by the species. One available habitat,
H1, is within this range, and the other, Hs, is not. The species colonizes Hs and develops a
polymorphism consisting of alleles which are not perfectly suited to either habitat. There
is now standing genetic variation which can be observed by females, which brings about
selection on female choice. As female choice spreads, the polymorphism shifts to match
more closely the environmental optimum in each occupied habitat. At the same time, the
range of invasible niches increases to include Hs. Now, Hj is colonized, increasing the

amount of spatial heterogeneity the species encounters and further reinforcing selection
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for female choice.
The amount of female choice maintained at equilibrium depends strongly on v and Az
but appears to be insensitive to other parameters. For any value of v, the equilibrium

female choice reaches a maximum for an intermediate difference between the two habitats.

New habitat is colonized

awIL

New habitat is colonized

% H Ho H

Halbitat Space

Figure 3.8. A schematic diagram of a possible eco-evolutionary trajectory of a species.
The thin lines represent the alleles present in the population, and the thicker lines
represent the range of invasible habitats. Initially, only one allele is present in the
population. After some time, a second habitat (H;) is colonized and a polymorphism
develops. Following this niche expansion, female choice evolves, increasing the range of
invasible habitats. Finally, the third habitat is colonized.
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For small habitat differences, the cost of mismating is low, so after a small amount of
female choice has evolved, selection on increasing female choice is weak. On the other
hand, for large habitat differences natural selection removes most of the individuals in
the wrong environments, so a small amount of female choice is enough to reduce the risk
of making a highly disadvantageous mating decision.

As the amount of information contained in male phenotype increases, equilibrium
female choice increases. Females are able to bear increased costs because the benefit is
also higher. The maximum for female choice occurs for lower values of Az, because the
combined action of sexual and natural selection is more effective at reducing the chance
of mis-mating.

Spatial heterogeneity acting alone can maintain heritable fitness variation. This
provides an environment in which female choice can evolve, even if costly, without a
complete loss of heritable variation. After female choice has evolved, the conditions for
maintenance of heritable variation are relaxed, which suggests that once evolved, female
choice is unlikely to be removed. The evolution of female choice additionally increases the
likelihood of niche breadth expansion (Proulx, 1999) which will further reinforce selection
on female choice. It is not necessary to continue invoking detailed genetic architectures or
temporally varying selection to explain the evolution and maintenance of female choice;

common spatial heterogeneity is enough.



CHAPTER 4

THE HANDICAP PRINCIPLE WHEN
UTILITY AND QUALITY ARE NOT
IDENTICAL

4.1 Introduction

Zahavi’s (1975) seminal paper on the handicap principle suggested that females can
only base mating decisions on male display traits which handicap their bearers. Zahavi
emphasized the relationship between the ecological placement of the species and the
handicap. In Zahavi’s words genetic linkage between handicap traits and true quality is
unimportant because, “the handicap it has already imposed is a proof that the [genotype]
is above a certain level of quality ...” (Zahavi, 1975 page 208).

Subsequent game theoretic approaches to the handicap problem made the assumption
that male quality is synonymous with utility to females (Grafen, 1990a; Johnstone and
Grafen, 1992). This assumption is not critical to the proofs in Grafen’s (1990a) paper,
and he takes the time to mention the relaxation of this assumption. Although alterations
of the utility/quality relationship do not change the proofs for the existence of signaling
equilibria, they have the potential to change the quantitative structure of the ESS.

The concept of perceptual error allows for a break between the utility of an individual
male and his quality (Johnstone and Grafen, 1992). This theory assumes that males
pay a price to advertise at a given level but may be perceived at a different level
due to either developmental vagaries or imperfection of the female sensory apparatus.
As long as perceptual error maintains the relationship between expected quality and
observed advertisement, an ESS will exist. Again, the focus is on the existence of
signaling equilibrium and not on the way that changes in the assumed parameters alter
the equilibrium.

I examine a case where there is not a linear relationship between the utility of a signaler
to a receiver and the true quality of the signaler. This is related to Zahavi’s requirement

that the cost of signaling affects the quality which the receiver is interested in (Zahavi,
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1975). Even in this case, a typical signaling equilibrium can exist where signalers signal
their true quality, and receivers interpret the signal based on the expected utility of the
signaler. This equilibrium exists if the expected utility is a monotonically increasing
function of true quality. At this equilibrium, many individuals are deceitful, but receivers
still benefit by interpreting signals to mean exactly what they say.

A further extension is made to the case in which expected utility is not a monotonic
function of quality. The receiver is typically assumed to be able to adjust its response not
just to relative ranking of signals, but to the signals’ exact level. This type of receiver
is like a musician with perfect pitch, who not only can tell what tune was played, but
also what key it was in. If this type of receiver is faced with a nonmonotonic signaling
strategy, then it will interpret some sets of signals identically, therefore making a signaling
equilibrium impossible.

This ‘perfect pitch’ receiver, however, would not do well in an environment where
the frequency distribution of males or the utility function changed stochastically through
time. However, a receiver that was constrained to interpret signals based on their rank
can. This receiver can call the tune, but cannot name the key. If receiver strategies are
constrained in this way, then a signaling equilibrium can exist even if expected utility is

a nonmonotonic function of quality.

4.2 Models

I will prove that a signaling ESS can exist even when utility to females and male quality
are not exactly coupled. For any level of quality, there will be a frequency distribution of
utilities. One simple scenario is that there are two sets of males with different relationships
between quality and utility. The proportion of males from each of the two sets and the
frequency distribution of utilities inside a set can be combined to yield the average utility
as a function of quality (Figure 4.1).

The first section of this chapter shows that when the usual handicap conditions hold
(Grafen, 1990a; Zahavi, 1975) and the expected utility is an increasing function of quality,
then a signaling ESS exists. If, however, the expected utility is not strictly increasing in
quality, then no signaling equilibrium exists. The second section presents an example of
the ESS when the relationship between utility and quality is nonlinear. The third section
drops the assumption of no frequency dependence and shows that the static approach

overestimates advertising. In the fourth section, I show that when females are constrained
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Figure 4.1. Utility functions in habitat 1 when migrants are exchanged. A trade-off in
fitness between habitats 1 and 2 leads to the negative relationship between utility as a
function of quality for immigrants from habitat 2. When dispersal is low, the utility curve
is monotonically increasing. When individuals move freely between habitats there is no
relationship between quality and utility. If individuals are more likely to switch habitats
than to stay in their natal environment, then a negative relationship exists.
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to make decisions on the basis of signal rank only, then the requirement of monotonicity
in the utility function is removed. Adaptive female choice can persist even when cheating

is widespread.

4.2.1 The Static ESS
I will follow Grafen’s (1990a) assumptions about male and female fitness, with some
minor simplifications. Male fitness, w(a,p, q), is assumed to be increasing in perceived
utility (p), increasing in quality (¢), and decreasing in advertising (a). Additionally, the

decrease in fitness with advertising is assumed to be greater for lower quality males.

O*w(a,p,q)

g0 >0 (4.1)

(This condition is less general than that of Grafen [1990a] but is a more accurate assump-
tion for the signaling game in that females are only able to observe the level of advertising
a male presents. All results here generalize to the broader assumption in Grafen (1990a)
but are presented more simply here.) All males with the same true quality must advertise
at the same level. From the male’s perspective his utility to females is irrelevant because
it does not affect his fitness. Thus, two males with different utilities but identical qualities
will advertise at the same level. I will additionally assume that male fitness can be written

as a product of survivorship and mating success.

w(a, p, q) = s(a, q)M(p(a)). (4.2)

4.2.1.1 Nonmonotonic Expected Utility Has No
Signaling Equilibrium

If the expected utility as a function of quality is not monotonically increasing, then
there can be no signaling equilibrium. When expected utility is not a monotonic function
of quality, then some advertising pairs will have the same expected utility, so females
will perceive them identically. However, these two sets of males have different quality,

so cannot be at equilibrium if they receive the same mating success. The derivative of
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male fitness with respect to advertising must be zero if an equilibrium has been reached, so

ow(a,p,q)  0s(a,q) om(p(a))
B0 = ga MWw(a)+sa,q)—p =

= 0. (4.3)

For any two qualities of male who are perceived to be at the same level, all should advertise
at the lowest of these levels, but equation 4.3 cannot be satisfied for males with different

q’s at the same a’s when the handicap assumptions hold.

4.2.1.2 The Female ESS

Female fitness is assumed to be reduced by the difference between the perceived utility
associated with a level of advertising and the expected utility of that level of advertising.
This assumption corresponds to a female observing males drawn at random from the

population and being graded based on her report of male utility. This gives female fitness

(F) the form

P(P) = /0 - ( /0 - D(P(a),u)h(u|a)du) F(a)da, (4.4)

where D(p,u) is the fitness decrement for assessing a u male at p, h(ula) is the probability
that a male advertising at a is of quality u, and f(a) is the frequency of males advertising

at a. If females are maximizing expected utility then D(p,u) = |p — u| and

F(P) = [ 7 (I1P() - U(@)) g(a)da, (4.5

where U(a) is the expected utility of a male advertising at a. Female fitness is maximal

when P(a) = U(a), which must be part of any ESS.

4.2.1.3 Finding the Female Equilibrium through the
Male Equilibrium Criterion

The condition for a male signaling equilibrium is that W = 0 evaluated at

a = A*(q) for all q. Differentiating yields
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dw(a, P*(a),q)  0s(a,q)
da  Oa

M(P(a)) + s(a,q)M'(P(a))P'(a) = 0. (4.6)

Because the female ESS must have P*(A*(q)) = U(q), one can substitute ¢ = U~(P(a))
into equation 4.6, which yields a differential equation for P(a). Of course, U~ !(q) will
only exist when U is monotonic, but I have already shown that nonmonotonic U’s have
no ESS.

The differential equation which results from equation 4.6 must yield P*(a) increasing

or one have not achieved a female ESS. The new differential equation is

s(@UP@) Nr(p(q))
(g) = — da
Ple) = = O (Pla) i (Pla))

(4.7)

where all terms on the right-hand side are nonnegative except for W‘ The

w < 0, which then guarantees that P is

handicap criterion here is simply that
increasing. If the handicap criterion is not met, then P will not be increasing everywhere

and no ESS will exist.

4.2.2 The Static ESS in Practice

The game theoretic approach to signaling in sexual selection seeks to find a male
advertising strategy and a female valuation of male quality. This has the appearance of
a joint ESS but, in practice, is only an ESS from the male perspective and an agreement
by females to use that advertising rank as a proxy for quality rank. The female ESS
is only a valuation but does not describe what females do with this information. In
practice, females can have many behavioral changes associated with mate choice which
do not merely reflect their perception of male qualities. For example, females can alter
the amount of time spent searching for mates or the proportion of matings they give to
males of different qualities. A static approach with a real mating system in mind can
illustrate what additional progress can be made through a more full model but also can
expose the weakness of a static approach in general.

I will assume that females spend some time examining males before mating, so that

the number of males observed is the female control variable. Each female will pay a cost
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for spending more time searching and receive a benefit based on the expected utility of
the male she chooses, given his advertising level. The expected utility is the appropriate
currency as long as population size is not too small (see Chapter 5). I will assume that

male survivorship is of the form
s(a,q) = ge™"4, (4.8)

where p is a scaling parameter. This function meets the handicap criterion, so that as
long as mating success increases in perceived utility, an ESS will exist. If male quality has
a cumulative density function F'(q) with probability density f(gq), then the probability

that a female chooses a male of quality ¢ is

a T n—1
Ca) = nf Q@@ ( [ Py ear) (49)

where Q(a) is the quality of a male advertising at level a, or the inverse of the advertising
function.

When male quality is uniformly distributed, the differential equation for () becomes

_aQag“) = ﬁ, which has solution

Q(a) = + ap. (4.10)

The inverse of () is the advertising function which, when ag = 0 is simply

Ag) = (n—1)q. (4.11)

Although in the game theoretic sense the female ESS is simply to value males according
to their quality as accurately inferred by their advertising level, females can alter their

strategy by changing the number of males they observe. For simplicity, I assume that
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female fitness is reduced exponentially by the number of males examined, so that total

female fitness is

1
W) = [ U(a)Clasn)dg (4.12)

and depends on the population strategy n. Substituting our solution for C'(¢) and making

a change of variables leads to

a. (4.13)

W(n) = e n—" (4.14)

The fitness of a female playing a strategy n does not depend on the population strategy,
because in the static framework male advertising does not affect the frequency distribution
of male quality. Figure 4.2 shows the female fitness curve. The ESS amount of female
choice can be found by differentiating W (n) with respect to n and finding the n which

makes the derivative zero.

. VA2 +4a - da
n* = o . (4.15)

The ESS level of female choice increases without bound as « increases (Figure 4.3).

4.2.3 Frequency Dependence
As was pointed out by Siller (1998), advertising alters the frequency distribution of
qualities, even when all individuals advertise at the same level. Here I find the optimal
advertising function even while advertising changes the payoffs by altering the frequencies

of males. I again assume that male fitness is the product of survivorship and mating
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Figure 4.2. Female fitness as a function of the number of males observed. The cost
parameter (u) is set to 0.05. When the power in the utility function («) is low, the
optimal level of female choice is decreased.
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Figure 4.3. The ESS level of female choice as a function of the curvature of the utility
function. The cost parameter for choice (u) is set to 0.01. The dynamic model produces
higher levels of female choice than the static model for large «, but lower levels for small

Q.
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success.

7 s(a,x)
S

w(a,q;n) = s(a,q) </0 f(:n)dx) "—1, (4.16)

where f(x) is the probability density (pdf) of males with quality x. Equation 4.16 brings
to light the dependence of mating success on the frequencies of males but masks the effect
of advertising on a mutant male’s success. Equation 4.16 can be rewritten in terms of

the inverse advertising strategy as

as(x. Qx n—l
wlasgm) = sta,a) ([ LD p@n@ war) (4.17)

S

Ow(a,q)

An ESS advertising strategy, A*(q), will occur when T’a:A*(q) =0 for all ¢.
n z s(x,Q(x n-l
L) o ([ L Q@)+ (4.18)
as(z, Q(x n-2
staa)n—1) (2L Q)@ wyan
9 ()@ (w),

which must be equal to zero at equilibrium (s1(a, ¢) is the derivative of s(a, ¢) with respect
to the first argument, a). After replacing all ¢’s with Q(a) and factoring, equation 4.18

becomes

s1(a, Q(a)) /Oa s(z, Q) f(Q(2))Q'(z)dx + (n — 1)s(a, Q(a))*£(Q(a))Q'(a) = 0, (4.19)

which is an integro-differential equation. However, equation 4.19 can be converted into
a pair of first order ordinary differential equations by making the substitution g(a) =

Jo s(z, Q(z) f(x)Q' (x)dx to yield the system

(4.20)
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g(a) = s(a,Q(a))f(Qa)Q(a), (4.21)

which can be easily solved numerically in a mathematical computing package such as

Octave, Matlab, Maple, or Mathematica.

4.2.3.1 Numerical Results

I found numerical solutions to the pair of ODE’s (equations 4.20 and 4.21) with the
functional form given in equation 4.8 and a uniform distribution of male qualities. These
solutions can be tested by generating the mating probabilities from the solution for Q(a)

and plotting male success as a function of quality and advertising (Figure 4.4).

Figure 4.4. The fitness of a male with a mutant advertising strategy. The number
of males observed is fixed at four, and the frequency distribution of male qualities is
uniform. The green curve represents the ESS male advertising strategy found by solving
the system of ODE’s. The ridge represents the normalized fitnesses of males with a given
quality using different advertising levels. This fitness is calculated by creating a frequency
distribution of mating males from the ESS advertising strategy.
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I used an iterative method to find the joint ESS for male advertising and female choice.
I first found the ESS male advertising strategy for a given level of female choice by solving
the pair of differential equations. I then found the best n for a mutant female and used
this new n to generate the next male advertisement strategy. This process was repeated
until n changed by less than 10~% per step. Figure 4.3 shows how n* changes with the
curvature of the expected utility. On the face of it, the static and dynamic solutions
appear similar. However, the ESS male advertisement strategies differ greatly for large o
(Figure 4.5). The dynamic solution tends to have less advertising in general, but this is
more pronounced for large «. This can be explained by the large decrease in competition

from low quality males as advertising increases, due to death of inferior males.
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Figure 4.5. A comparison of advertising strategies when o = 8. The dynamic model has
a higher level of female choice the the static model, but maintains lower advertising levels.
This is because mortality of low quality males reduces the amount that high quality males
need to advertise.
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4.2.4 Nonmonotonic Utilities with an ESS

From a game theoretic perspective, no ESS can exist when the utility function is
nonmonotonic, no matter how small the region of nonmonotonicity is. The feature that
enforces this result is the inverse map which females use to assess male utility. When the
utility curve is nonmonotonic, females assign the same utilities to males with different
qualities. This means that the higher quality males assigned to the same low utility as
a low quality male should advertise at the same level as the low quality males they are
perceived to be, which can never be an ESS.

What is the female doing in this situation? Females are perceiving higher advertising
levels as coming from generally higher utility males, except for advertising levels in the
nonmonotonic portion of the curve. This means that females must be not only be able to
rank males based on their display but also to remember that a tail of length 24.5 cm should
be treated as 15.7 cm, even though a tail of length 25 cm should be treated as such. If the
utility curve fluctuates in time, this task moves from implausible to impossible. In fact,
if the curve varies in time, the expected utility may become monotonic. This belief that
perfect female perception strategies are unlikely leads to a restriction of female behavior
to a ranking of advertisements. Rather than performing the abstract task of inferring
qualities, females may be limited to deciding how much time to squander on looking for
males of high quality. If the utility curve is sufficiently nonmonotonic, then they will
waste none. However, even with utility curves which do not have a maximum at high
quality, female choice and male advertising can be stable.

To demonstrate this, consider a species which exchanges migrants between two habi-
tats. If females get no aid from males in rearing young, then the utility of males is based
solely on the correlation between survivorship of parental males and their offspring. There
is no reason for the relationship between juvenile survivorship and adult condition to be
linear, although it is likely to be monotonically increasing. If there is a trade-off between
adaptation in the two environments, then males who immigrate to the other habitat will
have a utility which is negatively correlated with their adult quality. If the utility curve
inside each habitat is a power function and quality is uniformly distributed, then the

utility curve becomes

Ulg) =v¢" + (1 —7)(1-q)%, (4.22)
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where ~ is the fraction of the population replaced by immigrants. When « is one, then
U is just a power function and is monotonic. However, as « decreases towards 1/2, U
becomes more and more U-shaped. When « is 1/2, a female could mate with either a
low quality male or a high quality male with the same result.

With either the static or dynamic framework, an ESS level of female choice can be
found. In the static framework, if the expected utility of the highest quality male is
greater than the average utility of all males, then for some cost function, there is an ESS
where females choose. The effects of this utility curve on female choice in the dynamic
system were investigated numerically. Figure 4.6 shows the ESS level of female choice
as a function of «, for both the static and dynamic models. As expected, the ESS
number of males observed decreases as the utility curve becomes nonmonotonic, with a

corresponding reduction advertising levels (Figure 4.7).
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Figure 4.6. A comparison of advertising strategies when o = 8 and v = 0.75. The utility
function represents migration between two patches where utility is a power function of
quality. Again the dynamic model predicts larger levels of female choice than the static
model.
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Figure 4.7. The ESS female choice when o« = 8 and v = 0.75. The utility function
represents migration between two patches where utility is a power function of quality.
Even though the dynamic model has a higher level of female choice than the static model,
advertising levels are decreased.
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4.3 Discussion

Standard game theoretic approaches to signaling theory assume a perfect relationship
between the quality of a signaler to herself and the utility of that signaler to a receiver
(Grafen, 1990a; Grafen, 1990b; Johnstone and Grafen, 1993; Johnstone and Grafen, 1992;
Siller, 1998; Iwasa and Pomiankowski, 1999). The utility is assumed to be a linear function
of quality with slope 1. The existence/uniqueness proofs given in Grafen’s (1990a) paper
generalize to any increasing differentiable utility function (see Grafen’s Appendix 2),
but he does not explore changes in the ESS brought about by alterations of the utility
function, nor has any paper following in this tradition.

The utility function, far from representing additional minutiae to while away theorists
time, is at the heart of Zahavi’s handicap principle. This is Zahavi’s “handicap ... a
character which is important to the selecting sex” statement (Zahavi, 1975 page 213;
see also Zahavi, 1977). This costliness is really only required to be a correlation, which
need not be linked physiologically with the utility trait. Indeed, when male advertising
is discussed as an indicator of resources to be passed from male to female or offspring,
the relationship between male survivorship and this care is far from direct. Several
components of survival, such as predator avoidance, ability to maintain homeostasis,
and ability to maintain territories, might have little to do with foraging ability. Only if
correlations between overall survivorship and feeding ability exist, at least in the weak
sense of this chapter, will signaling of this sort evolve.

Because only utilities which have high correlations with survival ability can be used
in sexual signaling, females are most likely to use these highly correlated utilities as
their measure of male quality. Several features of a male may be of interest to females;
his ability to care for young, his parasite load, and the subsequent association between
her genes and his. Of these, the good genes hypothesis may have the most support.
Many recent studies have found heritable variation in survivorship, size, and enzyme
complement. On the other hand, there is little reason to believe that males with high
survivorship will give more care to young, even if there is a reason to believe that they are
more capable of it. The parasite-mediated sexual selection hypothesis requires that the
cost of signaling go up for parasitized males. Although there is much reason to believe
that survival probabilities of parasitized males are reduced, the cost of advertising may
go down. Consider a long-lived organism, such as a bird. If the costs of advertising

are paid in a reduction in year-to-year survivorship and parasitized individuals have low
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survivorship in the absence of advertising, then the proportional cost of advertising may
be low. Of course, utility will include all of these factors, but signaling can only evolve
when the expected utility has some relationship with quality.

One of the goals of this study is to explore signaling in spatially structured environ-
ments. Environmental differences between habitats can alter the relationship between
quality and utility, even to the point that utility is not always increasing in quality.
When the set of options open to females is limited, an ESS signaling equilibrium can
exist even with nonmonotonic utility functions. The effect of changes in the correlation
between quality and utility depends on the shape of that change. The analysis of simple
power functions shows that when utility is high for low quality individuals (o < 1),
less choice and less advertising evolve. When a > 1, more choice and more advertising
evolve, because it is more difficult for females to find males of high utility. The effect
of dynamic changes in the frequency distribution of male qualities, brought about by
advertising-induced mortality, is to decrease the amount of signaling at equilibrium.

The results presented here, in combination with results from Siller’s (1998) paper on
the epistatic handicap, suggest a route from no signaling to full signaling. Siller’s paper
shows that the epistatic handicap principle can work by biasing the frequency distribution
of males after advertising toward males of higher utility. This could allow the presence
of traits that serve males in some regard, perhaps in male-male competition but decrease
survivorship in a quality dependent way, to be adopted by females as a tool for assessing
mates. Males with the most extreme traits are the group which is most biased toward
high utility. Females then develop a rule to preferentially mate with males that have
higher advertising levels. Males will then be selected to display in a quality-dependent
fashion, but as this change occurs, females can still use the same rule. Even if utility is not
a monotonic function of quality, a female who chooses will do better than one who does
not choose at all. At this point, however, a new, smart female strategy, which identifies
the regions of nonmonotonicity, could arise and would spread. However, as long as this
strategy is at a low enough frequency, the male advertising strategy would be stable. As
the new, smart female strategy spreads, the position of the male advertising curve would
shift and reduce the fitness of the particular smart female strategy which had invaded.
This opens the possibility that female choice and male advertising could be maintained

through evolutionary time due to the interplay of multiple female strategies.



CHAPTER 5

THE ESS UNDER SPATIAL VARIATION
WITH APPLICATIONS TO SEX
ALLOCATION !

5.1 Introduction

Understanding evolution when selection is stochastic has been a major undertaking of
the past 25 years. Finding general results is difficult because stochasticity can be intro-
duced into the wide array of nonstochastic models in many ways (Gillespie, 1991). Two
simple models have been studied: the variable environment model and the demographic,
or spatial, stochasticity model. Of these, the variable environment model has received
much attention, whereas the spatially stochastic model has received little attention from
theorists and virtually none from empiricists.

The variable environment model is central to the concept of “bet hedging” as reviewed
by Seger and Brockman (1987) and has its first incarnation in the models of Dempster
(1955). In these models, the environment varies from year to year, all individuals in a
population face the same environment, and there is no density or frequency dependence.
Analysis of this model yields the simple result that the strategy with the highest geometric
mean fitness will out-compete all others. The variable environment model has been used
extensively, in part because of the simple geometric mean fitness result.

In the spatially stochastic model, each individual in the population faces an “envi-
ronment” chosen independently. In infinite populations, the strategy with the highest
arithmetic mean fitness will out-compete all others, because each strategy (or genotype)
is used by an infinite number of individuals. This effect of large population size has
probably limited application of theory on spatial stochasticity (Bulmer, 1984); however,

the effect on the evolution of small or spatially subdivided populations may be large.

IThis chapter has been accepted for publication in the journal Theoretical Population Biology.
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The first mathematical treatment of the spatially stochastic model seems to have been
provided by Feller (1951). Feller provides only a method of defining the problem, not
an actual solution. The thread was continued in a discrete model produced by Karlin
and McGregor (1964). This model provides a solution only under a restrictive set of
assumptions, in which populations are prevented from producing more offspring than
can be sustained. This assumption allows mathematical simplification of the problem,
but biologically represents a species in which parents kill their offspring and breed again
whenever too many offspring are produced.

Finally, Gillespie (1974; 1975; 1977) treated the subject in an important series of pa-
pers, following Feller’s original discussion. Gillespie uses a forward Kolmogorov equation
to approximate the behavior of a discrete system. The system consists of two competing
genotypes which produce offspring randomly. Each individual produces a random number
of offspring drawn independently from the probability distribution which defines their
genotype. This system is then reduced to a fixed population size through a limiting
process. This method produces a clean, easily interpreted result describing the conditions
under which two strategies invade each other with the same probability as neutral alleles.
In terms of the means and variances of the two strategies, Gillespie’s model shows that

two alleles are neutral if

2 2
=22 5.1
M1 n 2 n’ (5.1)

where p; is the mean offspring production of type i and aiz is the variance in offspring pro-
duction of type ¢. This result has been interpreted as an extension of the geometric mean
maximization principle. The terms in equation 5.1 are taken to represent approximations
of the geometric means of the two genotypes (Gillespie, 1977; Yoshimura and Clark, 1991;
Clark and Yoshimura, 1993). The arithmetic mean is dragged down by variance to the
geometric mean, but the cost of variance is inversely proportional to population size.
Although this prediction is simple enough to be of general use, it has not been broadly
applied. The only result that seems to have escaped into the nontheoretical literature
is that, all other things being equal, variance should be reduced (Kasule, 1985; Waller,
1980; Kaplan, 1980; De Steven, 1980; Borowsky, 1981), despite attempts to point out

that equation 5.1 implies a mean-variance trade-off which may have an ESS (Ekbohm
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et al., 1980; Yoshimura and Clark, 1991; Clark and Yoshimura, 1993).

In this chapter I develop another approximation for this process which relies on a fixed
population size assumption. However, the results of this model cannot be summarized by
a single equation which makes them more difficult to interpret. I compare the predictions
based on my model with simulation results and include Gillespie’s predictions as well.
This new model is shown to reduce to Gillespie’s model by a specific limiting process.
However, the results of my model show strong agreement with the simulations even well
away from the limit which produces Gillespie’s equation.

In Gillespie’s original papers and several later papers by various authors (Bulmer,
1984), it is suggested that this process will lead to the reduction of variance in offspring
number. An alternative view is that a trade-off exists between the mean number of
offspring and the variance in the number of offspring, so that sometimes lower means
will evolve in conjunction with lower variance, and sometimes higher means will evolve
in conjunction with higher variance (Ekbohm et al., 1980; Yoshimura and Clark, 1991;
Clark and Yoshimura, 1993; Real and Ellner, 1992). By considering this possibility one
is able to look for conditions where a natural trade-off between mean and variance might
exist and examine the evolutionary consequences.

One natural situation where mean-variance trade-offs arise is in sex allocation. When
returns to male and female function are stochastic and do not have identical distributions,
then one function is more risky than the other. If variance is to be reduced, then allocation
to the more variable function must be reduced. However, the mean is maximized for equal
allocations, so a reduction in variance will only come at the cost of a reduction in mean;
i.e., a mean-variance trade-off exists.

Both the results obtained here and the results obtained in Gillespie’s (1974) original
paper only deviate from nonstochastic expectations when population sizes are small;
however population size can be interpreted as the mating group size in a metapopulation.
I show that both single population and metapopulation models have the same predicted
evolutionarily stable strategies. This expands the range of population structure for which
variance effects must be considered and suggests that previous diminutions of this subject

were premature (Bulmer, 1984).
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5.2 Kolmogorov Models with Fixed
Population Size

The model assumes that a fixed number of n adults produce offspring well in excess
of the population size. These offspring are then culled by some fair process, where the
expected proportion of a given type after culling is the same as the proportion of offspring
of that type. The genotypes can only vary in offspring production.

Fach adult produces a random number of offspring, drawn from a distribution defined
by the adult’s genotype. If all adults are of the same genotype, then the number of
offspring is the sum of n independent identically distributed random variables (iid random
variables). If, however, there are two types of adults, ¢ of one and j of the other, then
the number of offspring of the first type is the sum of ¢ iid random variables from one
distribution, and the number of offspring of the second type is the sum of j iid random
variables from another distribution.

If we define X (t) to be the number of individuals with allele 1 at time ¢ and ;Q; as
a random variable for the number of offspring produced by the ith individual of type 7,
then an updating function (Adler, 1998) for X is

X(t)
X(t+1) = 2zt i1 (5.2)

Y+ Z?:_ix(t)jfb

This is an exact model of the process and is fairly difficult to analyze. However, this
model includes the constant population size assumption, and can be approximated with
continuous model. I adopt the approximation outlined by Gillespie (1977), which assumes
that deviations from the mean of each distribution are small.

In effect, this approximation reduces the distribution of offspring number to the mean
and variance. When the variance is large, this approximation will not suffice, and more

information about the distributions must be included in an accurate approximation.

5.2.0.1 Approximate Moments
The mean of X (t+ 1) is approximated by

. Lp p(1 —p) (103 — poot)
B+ ~ <M1p + p2(1 —p) " n(pip + p2(l —p))3 ) ’ )
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where n is the population size, p is the proportion of type 1 individuals, u; is the mean and
o2 the variance in the number of offspring per individual, for type i individuals (Gillespie,

1974). The second moment of X (¢ + 1) can be approximated by

2
EX(t+1)? =~ n2<(mp+‘ﬁl_p)) + (5.4)

3p*(1 — p)utod — p(1 — p)paod(2pp + pa(1 — p)))

n(pip + p2(l —p))?

These moments can be of use by inserting them into the backwards Kolmogorov equation
and solving for the probability of fixation (Crow and Kimura, 1970). In order to do this,
however, we must have the mean change in p per generation and the variance of the
change in p per generation. It is additionally convenient at this time to include a specific
model for culling. I adopt a binomial culling regime, where each generation n new adults
are chosen from the offspring, without replacement. Biologically, this is equivalent to a
large offspring pool.

The general form of the backwards Kolmogorov equation is

o® g V(p)82_<1>
N Op 2 Op?

o M (p)

where M (p) and V(p) are the mean and variance in the change of allele frequencies. It
remains to find M (p) and V (p) given the equations for the first and second moments of

the random variable X and the model of culling. For any fair model of culling, M (p) is

EX(t4+1)|X(H)=p]

- — p and from equation 5.3 and some algebra we have

given by

_ p(1—p) B (103 — p2ot
M) = pip + p2(l —p) (Ml N n(pap + pz(1 —P))> ' 55)

With exact culling the allele frequency after culling is identical to the allele frequency

before culling (Gillespie, 1974). In this case V(p) is given by



83

E[X(t+1)’|X(t) = p] = 2pE[X (¢ + DX () = p] +p*

V(p) = n2

(5.6)

By substituting equations 5.3 and 5.4 into equation 5.6 one gets the variance term for

the exact culling model.

.2 M1 M%
V) = » (” it m—p) mu1p+u2(1—p))2> 1)
p(1—p) 2 3 B
n(pp + p2(l —p))? <M102 (1 T ap+ —p)>

2pp + po(l —P)>)
pap + pa(l —p)

[120? (1 +
This situation is modeled by Gillespie (1974, 1975) with the additional assumption that
the mean offspring production is approximately 1 and the variance in offspring production
is approximately 0. Gillespie’s equations can be derived from equations 5.5 and 5.7
through a small variance approximation as shown in Appendix C.

Some types of culling will allow M (p) and V(p) to be found easily. One such culling
regime is binomial sampling of an infinite offspring pool. Binomial culling is fair, so M (p)
is the same as above. However, V(p) will depend on the additional variance introduced
by the binomial process. The second moment of a binomial variable with a random

parameter with mean p; and variance af is

2

nuy + oi(n? —n). (5.8)

The variance of the change in X (¢) for a process with binomial culling from equations 5.6

and 5.8 is

B[(X(t+1) =p?*[X(t) =p] = nBE[X({+1)[X(t)=p]+ (5.9)
E[X(t+1)*1X(t) = pl(n® —n) —

2n?pE[X (t +1)| X (t) = p] 4+ n?p>.
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If a different, but fair, culling regime is chosen, then V' (p) would need to be recalculated.

However, many general results of the model do not depend on V(p), but only depend on

M(p).

5.2.1 Mean Change Is Revealing

The fixation probabilities depend on both the mean and variance in change, but can
be bounded by knowing only the mean change. For example, if mean change is always
positive, then the stochastic process is a super-martingale and must have a fixation
probability greater than the neutral drift process (Taylor and Karlin, 1984). The sign
of the mean change term in equation 5.5 can be determined by examining its parts.
The term before the parentheses is always positive, so the terms in the parentheses
determine the sign of the mean change. The first term in the parentheses, u; — o
is the difference between the mean offspring production of the two types and has no

2 2
g5 — ag .
frequency dependence. However, the second term, —i--2 271 Ik incorporates the mean

» n{pap+uz(1-p))
and variance in offspring production and also the current allele frequencies. The result
of this frequency dependence is that, for some parameters, an allele is favored at high
frequencies but not at low frequencies.

However, the region where frequency dependence changes the sign of the mean change

is small. The region where mean change is positive at all frequencies is defined by

2 2
05 — 20
i — pio + H103 — #2071 >0, (5.10)
npy

and the region where mean change is negative at all frequencies is defined by

2 2
05 — 20
i — pio + H103 — #2071 <0. (5.11)
np2

I will define the curve describing the maximum variance for allele 2 where mean change
is always negative, as a function of po, w1, and o1, as Apae(p2|p1,01). Conversely,
Apin(p2|p1,01) is the curve describing the minimum variance for allele 2 where mean
change is always positive. Figure 5.1 shows the expected mean change in p for various

parameter values. For a given test allele with a given mean and variance, the allele space
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Figure 5.1. Expected change in frequency of allele 1. Allele 1 has a mean of 10 with no
variance, and there are 10 individuals in the population. Allele 2 has mean 15 and has
increasing variance in each successively higher curve. The variances of allele 2 are 50,
501.5, 800, 1000, 1126.5, and 1800. The curve labeled “Gillespie’s equilibrium” is plotted

with a variance of allele 2 at

501.5.
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can be divided into three regions: allele 1 favored at all frequencies, allele 2 favored at all
frequencies, and allele 1 favored when common but disfavored when rare. A sample plot
of this type is presented in Figure 5.2. In general, allele 2 will be favored when it has

low variance, and disfavored when the variance becomes too great.

5.2.2 Calculating Fixation Probabilities
From equation 5.5 the infinite time fixation probabilities as a function of the initial

allele frequency can be found through integration.

1200
1000 Strategy 1 favored at all frequencies
800
Strategy 1 likely to invade—<
8
c
8 600
S
>
400
Strategy 2 likely to invade
200 Strategy 2 favored at all frequencies
Gillespie’s equilibrium
T g PR
0 el B el M | | )
10 11 12 13 14 15

Figure 5.2. Regions of allele space as determined by the backwards Kolmogorov
approximation. Allele 1 has mean 10 and variance 0, and there are 10 individuals in
the population. Any allele with a variance below the curve labeled “Strategy 2 favored
at all frequencies” is expected to increase in frequency at all frequencies when competed
against allele 1. Conversely, any allele with a variance above the curve labeled “Strategy
1 favored at all frequencies” is expected to decrease in frequency at all frequencies when
competed against allele 1. An allele with variance below the curve labeled “Strategy 2
likely to invade” has a greater than neutral fixation probability for all initial frequencies,
whereas an allele with variance above the curve labeled “Strategy 1 likely to invade” has
a lower than neutral fixation probability for all initial frequencies. An allele with variance
between the two “likely to invade” curves has a greater than neutral fixation probability
when common, but a less than neutral probability fixation when rare. The curve labeled
“Gillespie’s equilibrium” is the iso-fitness curve presented in Gillespie (1974).
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[y 2M(z)d£
féje f() V(z) dy
op) = e (5.12)
fO e Jo Vi(x) xdy

(Crow and Kimura, 1970). Figure 5.3 shows some sample fixation probabilities for
an increasing series of variances. However, the two initial allele frequencies of greatest
interest are p ~ 0 and p ~ 1. An allele is expected to do better than a neutral allele if

it has a probability of fixation greater than the initial frequency. A rare allele is favored if

and a common allele is favored if
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Figure 5.3. Fixation probabilities as a function of initial frequency for the same
parameter values as in Figure 5.1.
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The derivative of ®(p) can be calculated by applying the fundamental theorem of calculus
to equation 5.12.

d®(p) 1
| = S, (5.13)
p=0 fO e Jo V@ dy
By symmetry,
d®(p) 1
d—p = L _ [V2MOx) g (5.14)
p=1 fO e Jo V(-w) dy

The points where an allele behaves exactly as a neutral allele would when rare or common
can be found by numerical methods. I will define the curve describing the maximum
variance for allele 2 where allele 1 has a lower than neutral probability of fixation at all
frequencies as Dyqq (2|1, 01). Also, @pyin(u2|p1, 01) is the curve describing the minimum
variance for allele 2 where allele 1 has a higher than neutral probability of fixation at all
frequencies.

Figure 5.2 shows some solution curves. The results based on integrating the Kol-
mogorov equation are constrained to fall between the results given by the mean change
calculation. Also, because the two curves based on the mean change calculation have
identical derivatives when allele 2 is the same as allele 1, the squeeze theorem guarantees
that the two curves for the integration method have the same derivative at this point

(Gaskill and Narayanaswami, 1989).

5.2.3 Finding the ESS
The methods discussed above can be used to determine which of two alleles is likely
to succeed in competition; it will not determine which allele is most likely to dominate
an evolving population. Of course, if possible allele properties are not constrained in any
way, then the most successful allele will have an infinite mean and no variance. However,
if the allele space is constrained in some way then an ESS might exist. In order to set up

the solution, a few properties must be established.
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5.2.3.1 Property 1: Equal Means Favors
Low Variance

If two alleles have the same mean, then by equation 5.5, the mean change will be in
the direction of the allele with the least variance. So, if a set of alleles with equal means

is given, then the allele with the least variance will invade all other available alleles.

5.2.3.2 Property 2: Variance Transitivity

If allele a has a greater than neutral chance of invading allele b, then it also has a
greater than neutral chance of invading any allele with a greater variance and equal mean
as allele b. This is observed by noting that if the terms in the parentheses of equation 5.5
are positive for a set of u’s and ¢’s, then increasing oy increases a positive term, so mean

change becomes more positive.

5.2.3.3 Boundary of Allele Space

I also must show that if a set of alleles is part of the available allele space, then the curve
describing the lower boundary of this set are the only alleles that must be considered. I
define the lower boundary of the available allele space as W (u). This property follows
from the combination of properties 1 and 2. An allele invades all other available alleles
if it invades all alleles on the lower boundary of the allele space. So an ESS will exist if
an allele on the lower boundary of allele space is likely to invade all other alleles on the

lower boundary.

5.2.4 Graphical Methods for Finding the ESS
All methods presented below are sufficient conditions for an ESS. These methods are
based on the mean change arguments, not on the exact fixation probabilities, which are
much easier to work with. There are four possible forms that an ESS can take, which are

illustrated in Figure 5.4.
1. The allele with the highest mean could be un-invadable,
2. the allele with the lowest mean could be un-invadable,
3. an allele with intermediate mean may be un-invadable,
4. no single ESS—a set of alleles is un-invadable.

The two cases where an end point is the ESS are the easiest to elucidate.
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An end point will be the ESS if the set of strategies which invades the endpoint lies
below W (u). This can occur for the allele with the smallest mean if W () increases faster

than A (] fmin, 02,:,)- The allele with the greatest mean will be the ESS if W (u) is

2
mazx

less than Apin (4] mazs Thgs) for all p.

An intermediate point can be the ESS if W (u) is tangent to Amin(MWESSaU%ss)
at the ESS and W () > Apin(p|pess, U%SS) for all u. Because the minimum invadable
allele function is a cubic, W (u) must be increasing faster than a cubic for an intermediate
ESS to exist.

Finally, a possibility exists where W (u) is between A4, and A, for a range of u
and is above A, everywhere else. There may be a set of alleles that cannot invade
each other, but which can invade all alleles outside of the set. However, the conditions on
A ez and A, are necessary but not sufficient—the ®,,,4, and ®,,,;, curves must satisfy
the same relationship with W (u) for an un-invadable set to be guaranteed.

Graphical methods will work for straightforward problems where the only difference

between alleles is the distribution of offspring. In problems where alleles have additional

properties but experience stochastic returns, the graphical method may not be amenable.

Possible ESS solutions
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Figure 5.4. The four possible ESS’s.
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In any case, the ESS may be found by iterative techniques. However, these techniques are
not guaranteed to converge and may find a locally stable point that is not globally stable.
This technique involves finding the allele most likely to invade an initial arbitrarily chosen

allele and then repeating the process with the resulting allele.

5.2.5 Metapopulation Models

The model described above applies to a single population, and the effects depend on
the size of that population. The case of many populations of finite size that exchange
migrants is also important. In this section I assume that there are N populations of size n
which exchange migrants every generation. The internal dynamics of each population are
exactly the same as in the above single population model. A new backwards Kolmogorov
equation can be written, where the total change in frequency of an allele is the sum of
the change in each population. Without calculating the variance, the boundaries for the

mean change are the same as in the single population model.

EY({t+1Y () =p = Z > BIXi(t+ 1) X;(t) = j] (5.15)

where the random variable Y is the number of individuals with allele 1 in the entire
metapopulation, N is the number of populations, and m is the vector of population
states. If an allele is favored at all frequencies, then E[X;(t + 1)|X;(t) = j] > j for all
i, and the weighted average of E[X;(t 4+ 1)|X;(t) = j] is greater than Y () = SN | X;(t).
If an allele is favored at all frequencies, then averaging over populations at different
frequencies will still yield positive change. Conversely, if an allele is disfavored at all
frequencies, then averaging will still yield negative change. All the procedures for finding
the ESS as shown in the last section will still hold.

Fixation probabilities can be calculated numerically, but these calculations are more
numerically intense. If there is complete mixing between generations, then the method

consists of integrating over all possible population configurations multiplying the mean

change in each population by the probability of that population configuration existing.
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5.2.5.1 Branching Process Approximation

Another method for finding an ESS in a metapopulation uses the theory of branching
processes. In order to fit a branching process model, new assumptions about the popula-
tion structure must be made. Branching processes can be used to model the extinction
probabilities of a species invading an empty habitat, where density dependence does not
limit growth (Haccou, 1996). The fate of an allele in a metapopulation can be thought of
in the same way; the whole metapopulation is the empty habitat and consists of enough
populations that rare mutant alleles do not interact.

In this section I assume that there are an infinite number of populations of size n
which are completely mixed by migration. In a population, individuals reproduce just
as in the previous sections, followed by a culling process which reduces the population
back to size n. After reproduction and culling migration occurs by mixing all individuals
from all populations and then reconstituting populations of size n. If a new mutation is
introduced into a monomorphic population, then it will initially be present in a single
individual in a single population. After reproduction and culling, there will be some
number of mutants in that population. Because the number of populations is infinite
and the mutant is initially rare, the offspring of a mutant will all end up in separate
populations. In this way a branching process can be defined where each one mutant
population produces a random number of new one mutant populations.

Under these conditions one can find the probability of eventual extinction. If the
expected number of new populations is less than one, then the mutant is doomed to
become extinct with probability 1 (Grimmett and Stirzaker, 1992). If the expected
number of new populations is greater than one, then the probability of extinction is
less than one.

An ESS will have the property that all other strategies are doomed to extinction when
rare. These mutants will be doomed if the expected number of offspring is less than
one when only one individual is present in a population. I define the expected number
of offspring when only one mutant is present in a population as E[s, §], where § is the
population strategy and s is the mutant strategy. Given this definition of E[s, §] the ESS
can be found in much the same way as any standard ESS problem. It is given by the

solving

=0 (5.16)
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for §. If a solution exists, then all mutant strategies have eventual extinction probabilities
of 1, so the strategy which satisfies the equation is un-invadable. The mean change derived
for the Kolmogorov model when evaluated at p = % is the expected number of offspring

when one mutant is present.

5.2.6 Simulated Populations

I have also designed a simulation to test the predictions of the model based on the
backwards Kolmogorov approximation. This simulation was written in C+4 and run on
a Sun workstation. In the simulation, two haploid genotypes are present, for a total of
n adults. Each genotype is associated with a probability distribution for the number of
offspring. 1 chose a generalized Bernoulli distribution, in which each adult has one of
two offspring numbers with a given probability. Because this is a three-parameter family,
the mean and variance of each distribution can be chosen independently. After offspring
are produced, n new adults are chosen using a binomial distribution with a binomial
parameter equal to the frequency of offspring. This process is continued until either a
maximum number of generations is reached, or the population becomes fixed for one
genotype.

To find the probability of fixation for many different initial states of the model without
running an inordinate number of simulations, I applied the following routine. During a
simulation, I recorded which states were reached. If a state was reached, then the eventual
outcome was added to the list of outcomes from that state. Because this is a Markovian
process, this provides an unbiased estimate of the probability of fixation from each state.
However, some states received more visits than other states, and so the estimates for
those states can be regarded as being better predictors of the actual probability of fixation.
Figure 5.5 shows some fixation probabilities obtained from these simulations, for the same
parameters as in Figure 5.3, which were drawn based on the Kolmogorov approximation.
The two methods give similar results. Both show below neutral fixation probabilities in
the same range of parameters and have a good quantitative fit for the curves with low
variance. The greatest difference between the curves occurs when variance is high, which
is when the approximation is expected to perform poorly.

These simulations can be used to compare the predictions of the Gillespie model with

the predictions of the model presented here in another way. I show in Appendix C that
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Figure 5.5. Fixation probabilities as a function of initial frequency, as determined by
simulation. Again, the same parameters were used as in Figure 5.1.
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the Gillespie model is a special case of the model presented here and occurs in the limit as
the mean offspring production goes to 1 and the variance in offspring production goes to
0. Figure 5.6 shows the neutral prediction of Gillespie’s model along with the prediction
of the model presented here and the results of the simulations. The neutral prediction is

only true in the limit and is a poor predictor of results at nearby points.

5.3 Sex Allocation: Variable Gamete Success
Theory describing success of alleles with different offspring distributions is useless
unless some real traits show trade-offs between the mean of and variance in offspring
production. Some traits that have received attention include packaging of offspring in

response to predation risk (Bulmer, 1984) and outcrossing frequency (Waller, 1980). One
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Figure 5.6. Comparison of Gillespie’s model, the model presented in this chapter, and
simulation results. The parameters are m; = 10, my = 11, s? = 1, s3 = 11, and n = 10.
The simulation results are the proportion of runs in which allele 1 became fixed, for 10,000
runs. Gillespie’s model predicts a neutral relationship between the two alleles regardless
of €, as shown by the dotted line at zero. The prediction of the model in this chapter,
however, is neutral only when epsilon is exactly zero and is plotted by a solid curve.
The dots represent fixation probabilities and show a close fit to the curve. The axes are
semilog.
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trait that has a natural trade-off between mean and variance is sex ratio.

Sex ratio is a natural system to investigate mean-variance trade-offs because an in-
crease in investment in the less variable sexual function will simultaneously decrease mean
of and the variance in success. I consider a system based on hermaphroditic plants where
individuals make decisions on how much to invest in pollen and ovules.

Stochasticity can affect sex allocation in many ways, such as variance in offspring
sex due to sex chromosome segregation (Nishimura, 1993), variance in neighbor size
(Nakamura et al., 1989), and environmental variation in returns to male and female
function (Charnov, 1986; Charnov, 1988; Tuljapurkar, 1990). I will consider the case
in which there is no environmental variation, but each individual has variable success
through male function.

For simplicity, I consider a plant that has no variance in success through ovules, but
experiences variance in success through pollen. This model is loosely based on studies
of pollinator behavior (Campbell, 1989; Young and Stanton, 1990). Imagine a plant
that requires pollinators to distribute pollen. It will achieve ovule fertilization when a
pollinator arrives with conspecific pollen. After only a few visits it is likely to have enough
pollen to fertilize all ovules. The fate of pollen, however, is quite different. If pollination
is provided by pollen predators, such as bumble bees, then most pollen will end up being
fed to insect larvae. Exported pollen may be deposited on heterospecifics, lost, consumed
by the pollinator’s offspring, or consumed along with the pollinator by the pollinator’s
predators. This difference in risk associated with pollen and ovule investment motivates
a model with all variance in one function.

In my simplified model, a fixed proportion of ovules on each plant become fertilized,
but pollen success is either complete or 0. With these conditions the mean change in

frequency is

1 (1 —Tl)p r1ip
2 <((1 “rpt - —p)) | rp+ra(l —p)> + (5.17)

1 p(l—p)(l—Pp)
2 (anmp +ra(1—p))? (rirs - Wg)) s

where 7; is the investment in male function by individuals of type ¢ and P, is the
probability that a single individual has successful pollen export. The expected squared

frequency with exact culling is
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ri?p’ (1—r1)*p?
(rp+r2(1—p)*  (L—r)p+ (1 —r)(1—p))?

_ _ V2 3rap + (r2(1 — p) — 2r1p)
(1= Py)p(1 — p)ry 2( an(T1p+T2(1_p))4 )

(5.18)

As in the general model, the expected squared change must be calculated based on the
model of culling. I again adopt a binomial culling regime, so that the variance is given
by equation 5.9.

It is important to note that even though small mating groups are present in this model,
no local mate competition occurs. Local mate competition occurs when competition for
mates occurs locally in each subpopulations, but competition for resources occurs globally.
In the model presented here, competition for mates and resources occurs locally, so, in
the absence of variance, a sex ratio of % is evolutionarily stable.

The iterative technique was used to find ESS sex allocation strategies for a variety of
parameters, which are displayed in Figure 5.7. As the number of individuals in a group
increases, the ESS sex ratio converges up to % Also, as the probability of successful
pollen export increases towards 1, ESS sex ratio converges towards % These results were

checked by two methods: simulation and matrix modeling.

5.3.1 Branching Process Approximation
We can examine the infinite population metapopulation model with the branching
processes theory developed in Section 5.2.5.1. For the Kolmogorov model, the mean
number of offspring produced by a lone mutant is M (%) By applying the method

developed in Section 5.2.5.1 to M(%) an equation for the ESS sex allocation is

.  1—=PF(n+1)
- 1-P,2n+1)

(5.19)
The results from this method match those by using the iterative method on the Kol-

mogorov equations (Figure 5.7).

5.3.2 Exact Matrix Model
In order to convert the approximate sex allocation model to an exact matrix model

one contingency must be dealt with. Because pollen export is all or nothing, it is possible
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Figure 5.7. Comparison of the ESS determined from the Kolmogorov branching process
and Kolmogorov equation. Each curve is labeled with the probability of successful pollen
export. The symbols represent results from the branching process model while the curves
are results from the kolmogorov approximation.
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that all individuals will have no pollen export in a given year. This contingency could
be dealt with by assuming the patch goes extinct, that self-pollination occurs, or that a
second, less efficient pollinator provides some low level of constant pollen export. The
first scenario, though a true possibility (Groom, 1998), can only be dealt with by a full
metapopulation model, so I will only develop models of the second two.

Facultative selfing is known to occur in a number of species (Richards, 1997; Overy,
1997). In these systems, selfing occurs after a phase of out-crossing pollination. If no
pollen is imported, then self-pollen comes in contact with the stigma and fertilizes the
ovules. If pollen is already present, then the self-pollen is deposited on top and is likely
to contribute very little to fertilization. I model this situation by assigning equal success

to all individuals when no individual has pollen export. The transition probabilities for

( n1 ) ( nE e ) PITh(1 — Bk ( ! )(5-20)
j k "

< Ne_1€ + Jr1 n nt_l(l — 7"1) >nt
2(ne 4+ gr1 + kra)  2(ne—1(1 —r1) + (n —ng—1) (1 — r2))

this model are

J=ni—1,k=n—-n;_1

Prnmnt—l = E :

§=0,k=0

<1 . metgn + ne—1(1—mrp) >n_nt
2(ne +jry + kra)  2(ng—1 (1 —7r1) + (n —ny—1)(1 —72)) ’

where n; is the number of individuals with allele 1 at time t and ¢ is a very small
parameter.

Many plants are pollinated by more than one species which often differ substantially in
pollination efficiency (Willmer et al., 1994; Thomson, 1989; Kodric-Brown et al., 1984).
When the most efficient pollinator is present, the other pollinators may be responsible
for an insignificant proportion of pollen transported. However, in the absence of the
most efficient pollinator, the secondary pollinators may transport enough pollen for most
ovules to be fertilized. This model reverts to the standard sex allocation model when the

primary pollinator is absent. Here the transition probabilities are

Jj=nt—1,k=n-n_1
Pr(ng,ni—1) = | Z [( nt._l ) ( e ) (5.21)
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( ng_1€r1 + jry N
2(6(77'15—17'1 + (TL — nt_l)Tg) + (jrl + kr2))
ng—1(1 —1ry) n—ng
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Finding the ESS for the matrix models was computationally intensive, especially for
large matrices. For this reason I calculated the ESS based on the branching process model
and used the whole matrix model to check the solutions. In all cases checked, the ESS
predicted by the branching process model was not invadable by strategies 0.01 higher or
lower than the predicted ESS.

5.3.3 Branching Process Approximation for Matrices
We can examine the infinite population metapopulation model with the branching
processes theory developed in Section 5.2.5.1. For the matrix models, the expected

number of offspring produced by a lone mutant is

n

Ei[rl,r2] = Y (iPr(il1)), (5.24)
=0

where Pr(i|l) is given by either equation 5.20 or equation 5.21. These can be solved
numerically for each model. The results are plotted in Figure 5.8, along with an overlay
of the results from the Kolmogorov approximation.

For larger population sizes and greater pollen success probabilities, the two models
converge. However, when n is small or P, is small, the two models produce quite different
results. The two models diverge when the probability of total export failure is high. This
is not surprising because the two models differ only in their consideration of total export

failure.
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Figure 5.8. ESS sex allocation strategies as a function of population size from both the
selfing and inefficient pollinator matrix models. Each plot is labeled with the probability
of successful pollen export. The selfing model is plotted in a solid line, and the inefficient
pollinator model is plotted in a dashed line. The symbols are results from the branching
process model, and the curves are results from the kolmogorov approximation.
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The two models differ when total export failure occurs in that the selfing model
provides no selection on investment in pollen, and the inefficient pollinator model reverts
to a standard sex allocation model. Thus, the ESS under the inefficient pollinator model
reverts towards % when the probability of total export failure is high.

The Kolmogorov approximation presented in section 5.3 made no assumption about
what happens when no individual has success through male function. No assumption
was needed because this method implicitly assumes that deviations from the mean are
small. The ESS predictions based on the Kolmogorov model are higher than those of
the selfing matrix model at all points and higher than those of the inefficient pollinator
matrix model for larger n. The Kolmogorov model and the matrix models do have some
predictions in common: increasing n decreases sex allocation skew and increasing F,
decreases sex allocation skew. Both matrix models seem to produce a larger effect than
the Kolmogorov model for a given set of parameters, but these differences persist even
at large enough n for the two matrix models to converge, suggesting that the difference
between the Kolmogorov and matrix models cannot be entirely due to the treatment of

total export failure.

5.3.4 Simulation: Single and Metapopulations

The results of the selfing model were also investigated through simulations. These
simulations were designed in much the same way as the general simulations in section
5.2.6. The simulations were written in C+4 and run on a Sun workstation. Two types of
individuals were competed until one type became fixed. The number of individuals of type
1 to successfully export pollen was chosen from a binomial distribution with probability
P,. The amount of pollen donated from type i was equal to the number of successful
individuals of type ¢ multiplied by the sex allocation strategy of type ¢. The amount of
ovules produced by type ¢ was equal to the number of type ¢ individuals multiplied by the
investment in ovules by type i. The number of type 1 individuals in the next generation
was determined by drawing from a binomial distribution with probability equal to the
proportion of ovules produced by type 1 plus the proportion of pollen produced by type
1. In metapopulation models migration was performed by removing a fixed number of
individuals from each population, shuffling their order, and returning the same number
of individuals to each population.

Simulation results were used in two ways. First, the position of the ESS in meta-
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populations was verified by finding the probabilities that points near the ESS would invade
the supposed ESS strategy (Figure 5.9). Second, the effect of the number of populations
on the strength of selection was investigated by finding the probability that the supposed
ESS would invade an allocation strategy of % for different numbers of populations. Figure
5.10 shows that increasing the number of populations increases the fixation probability,

and this trend appears to be more defined for small n.

5.4 Conclusions
I have presented a model of evolution when individuals have variable fitness returns.
The approximation I present is related to the approximation presented by Gillespie (1974;
1975; 1977). Both models require an increase in mean returns to balance an increase in
variance. The model presented here differs from Gillespie’s model in that variance has a

relatively greater cost and that there are no truly equal alleles.
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Figure 5.9. Invasion probabilities against number of individuals for rare alleles near
the predicted ESS when competing against the ESS. These results are generated by
the metapopulation simulation with five populations. Each predicted ESS is competed
against sex allocation strategies 0.03 above the ESS and 0.03 below the ESS. The symbols
correspond to the probability of pollen export, with + for 0.3, x for 0.5, and * for 0.7.
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Figure 5.10. Fixation probabilities as a function of the number of populations for the
predicted ESS from the selfing matrix model competed against sex allocation strategies
of % These results are generated by the metapopulation simulation, and each curve is
labeled with the number of individuals per population.
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I describe a graphical method to identify ESS’s when a mean-variance trade-off exists.
Four classes of ESS exist. Two result in end points of the allele space dominating a
population, and the others result in a set of intermediate alleles dominating. An internal
ESS will exist when the A, (p2|p1,01) curve is tangent to the allele space boundary at
one point and has a larger second derivative than the allele space boundary curve at that
point. Even though the strength of selection on variances scales inversely with population
size, population size can be interpreted as the size of populations in a metapopulation.
This extends the applicability of the model to species with many individuals, as long as
the population is structured.

The ESS is identical in metapopulations and single populations, based on the argu-
ments for averaging mean change across populations. This will be true for all migration
schemes and regardless of the number of populations present. However, if populations
are of different size, conservative estimates of the ESS may be made based on mean
change arguments, but the true ESS can only be calculated with a model that takes
differences in population size into account. I was able to model only one end point of
the metapopulation continuum: infinite number of populations with complete mixing
between generations.

The branching process theory introduced here for metapopulations provides a simple
method for calculating the ESS. This method involves using the mean number of offspring
produced by a lone mutant in the same way that a fitness measure is used in most ESS
analyses.

When applied to sex allocation a natural trade-off between mean returns and variance
of returns exists. Allocation should be increased to the less variable function, and this
skew depends on the amount of variability and the population size. I verified these results

through both exact matrix models and simulations.

5.4.1 General Kolmogorov Process and Simulations
The methods introduced here are intended to highlight the trade-offs between mean
and variance in a broader evolutionary context than has been previously considered (Gille-
spie, 1974; Gillespie, 1975; Bulmer, 1984). Previous studies have focused on selection to
reduce variance for a fixed mean, not on the evolutionary dynamics in an allele space.
When alleles with the same mean are considered, authors have observed that selection
on variance reduction is likely to be weak (Bulmer, 1984). However, when placed in

the context of an allele space the conclusion is that the mean will increase until further
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increases require large increases in variance. Traits that involve risk are likely to include
trade-offs of this nature, where eventually increases in mean will only come at the cost
of great increases in variability. For example, flowering time in plants that face seasonal
predation risk, length of time spent foraging in the open by kangaroo mice, and activation
points for detoxifying pathways in bacteria all reflect potential mean-variance trade-offs.

The population size effect has also been argued to limit the applicability of models
of this type to natural populations (Bulmer, 1984). I extend the interpretation of the
population size to include the mating group size in a metapopulation. This greatly
increases the applicability of these models to species with large, spatially subdivided
populations. This theory can be extended through the techniques for estimating the
extinction probabilities of populations which experience both demographic and envi-
ronmental stochasticity (Haccou, 1996). In the metapopulation model environmental
stochasticity would represent year-to-year variation in factors which alter the competitive
success of the two allele types, but do not affect the total population size.

The derivation of the backwards Kolmogorov equation presented here improves upon
previous approximations by including explicit assumptions about constant population
size. The effectiveness of this improvement is borne out by comparisons with results from
simulations. Predictions from Gillespie’s (1974) model consistently overestimate the cost
of variance.

Although solving for fixation probabilities from the backwards Kolmogorov equation
is difficult, many results can be obtained from only the equations for mean expected
change. The curves describing the minimum variance of an allele that is still globally
favored are not as simple as previous results but are analytically tractable. Any one can
calculate the curves from equations 5.10 and 5.11 with a personal computer and compare
these curves to data.

The graphical method for finding an ESS given an allele space is useful for considering
general trade-off structures. If the curve describing the lower boundary of allele space is
concave down, then the allele with the largest mean is guaranteed to be the ESS. Also, if
the lower boundary of alleles space is concave up, then a simple plot of Ay (p2|p1,01)
with the lower boundary will determine if the allele with the smallest mean is the ESS or
if an intermediate set of alleles will constitute the ESS.

An unusual feature of the model is that common alleles have an intrinsic advantage.

This is because the cost of variance goes down as more individuals with a given allele
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sample the environment (Bulmer, 1984; Clark and Yoshimura, 1993; Yoshimura and
Clark, 1991). This makes it impossible to predict exactly where a population will come
to rest within a region of un-invadable alleles. In fact, under a recurrent mutation model
the distribution of genotypes should approach a stable distribution rather than a single

point. This stable distribution is analogous to an ESS.

5.4.2 Sex Allocation

This theory can only be applied to natural systems which show mean-variance trade-
offs. One such system is plant sex allocation. Plants often exist in spatially subdivided
populations and face variable returns to sex allocation investments on an individual level
(Young and Stanton, 1990; Campbell, 1989). I have derived a simple model based on the
assumption that only one sex faces variable returns. Under these conditions, I have shown
that the function which faces variable returns will always receive less allocation. Another
model, which I do not present here, can be easily derived from the models presented in
this chapter to include variable returns to both functions. This extended model shows
that the function with the least probability of success will receive the least allocation.

When the branching process technique is applied to the Kolmogorov sex allocation
equations, exact congruence is found. The branching process technique represents a
metapopulation with an infinite number of populations and complete mixing between
generations, which is an endpoint in the continuum of metapopulations. Because this
far end point produces the same results as those from a single population, I predict that
results from metapopulations with finite numbers of populations and incomplete mixing
will yield identical results.

I have derived two exact matrix models designed to reflect two different assumptions
about fertilization when the main pollinator fails to transport pollen. These two models
produce similar results when total export failure is rare but diverge when total pollen
failure is common. The inefficient pollinator model predicts sex allocation strategies closer
to %, whereas the selfing model predicts more biased sex allocation strategies. Again, the
results from branching process models designed to reflect conditions in metapopulations
have identical results as single population matrix models.

Simulations of the selfing model show that even when multiple mating groups are
considered, predicted ESS strategies are un-invadable. More over, the probability that

the predicted ESS strategy will invade a strategy of % always increases initially as the
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number of populations increases. This suggests that larger numbers of linked populations

will have stronger selection towards the ESS than isolated populations.

5.4.3 Possible Expansions of the Theory

Although I have presented arguments and evidence that metapopulation generaliza-
tions of these models will yield similar results and are in fact constrained to some of
the same limits as single populations, I have not presented a full metapopulation model.
For a full model to succeed, it must incorporate variation in population size, migration
rate, extinction probability, and number of populations. The simulations I used to test
predictions of the single population models incorporate most of these features, but I
have not performed a search of the parameter space. Any simulation investigation is
constrained to produce tentative and qualitative results, so an analytical model should
be favored.

Spatial, or individual, stochasticity has received relatively little attention from theo-
rists and empiricists alike. One reason for this may be the perceived weakness of selection
against variance. I have intended to show that reinterpreting the population size as the
group size in a metapopulation and placing the results in an ESS frame work increases

the domain where individual stochasticity has an effect.



APPENDIX A

DIPLOID EXTENSIONS FOR NICHE
EXPANSION

A.1 Diploid Extensions to Black Hole Sinks

All results derived in this paper can be extended to diploid models. For LAMMA
models, the invasion criterion will depend on the fitness of the heterozygote in exactly
the same way that haploid models depended on the fitness of the adapted type. The
equilibrium frequencies will also depend on the fitness of the homozygotes. I adopt the
assumption that the homozygote for the adapted gene is more fit than the heterozygote,
which reflects the locally adapted nature of the gene.

For each model we now have four equations with three degrees of freedom, three
describing gene frequencies and one describing population size. For random mating these

equations are

2

p2o(t+1) = Ao <p270(t)(17270(t) + pl’;(t)) + pl’i(t)> (A1)

prat+1) = A <p1,1(7f)(p2’;(t) + pl’;(t) - po’;(t)) + pz,o(t)Po,z(t)> (A.2)
2

po2(t+1) = Xo2 po,Q(t)(pl’;(t) + po2(t)) + pl’i(t)> (A.3)

N(t+1) = N(t)A (A.4)

where p; ; is the proportion of individuals having ¢ copies of the ancestral allele and j
copies of the locally adapted allele, and X is the average survivorship. The requirement for
deterministic extinction is that the homozygotes for the locally adapted allele have fitness
greater than 1. The fitness of the heterozygote does affect the rate at which the allele
spreads and therefore does affect the probability of extinction. The updating equations

for LAMMA and assortative mating can be found by including the mating probabilities.
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For the assortative mating model I assume that homozygotes of one type prefer
heterozygotes to homozygotes of the other type. Heterozygotes are assumed to prefer
each type of homozygote equally. As in the haploid model, for equivalent populations
experiencing LAMMA, random mating or assortative mating, LAMMA populations have
greater growth factors at all times. Again, assortative mating populations have lower
growth factors than random mating populations, for small population size, and greater
growth factors at large population size. However, these differences do go to 0 as n
increases. In these diploid models, the fitness of the heterozygotes determines the invasion
criteria, exactly as in the haploid models. For LAMMA, the heterozygote must have
fitness greater than % This can be seen by taking the derivative of the proportion
adapted at time ¢t 4+ 1 with respect to the proportion adapted at time ¢, evaluated
with the proportion adapted at time t equal to zero. The additional assumption of
Hardy-Weinberg equilibrium is made for the calculation. With the new Hardy-Weinberg
equilibrium assumption I will introduce p(t) as the total frequency of the locally adapted
allele at time t. When the locally adapted allele is rare, the growth rate of the population
will be approximately Ay, so the derivative of the recursion equation can be viewed as a
constant times a sum. The derivative of the first element of the sum can be seen to be

0, as both p2o(t) and %ﬁtgl) are 0. The second element of the sum is easily reduced

as p1,1(t) is 0, but dfl;(lt()t) = 1. By continuing and noting which elements are zero the

derivative is greatly reduced to

n

M
dp11(t+1) A ( 2+ 5)
—_— = , (A.5)
dp(t)  1=0 Ao,2

where M 2 =1 at p(t) = 0. Again, for any n > 1 the locally adapted type will spread as
long as the heterozygote has fitness greater than that of the ancestral type. If additionally
the locally adapted homozygote has fitness greater than 1, then this population may
survive. The condition for spread of the locally adapted type depends on the heterozygote
fitness in the diploid model in exactly the same way as the condition for spread depends
on the locally adapted type’s fitness in the haploid model.

For the assortative mating model, the derivative can be reduced to
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M
dpya(t+1) (%32
dp(t) =0 A0,2

(A.6)
which yields the same condition as the haploid model applied to the heterozygote: the

heterozygote fitness must be greater than twice that of the ancestral homozygote.

A.2 Diploid Extensions of Recurrent
Migration Models

The models presented in Chapter 1 for recurrent migration have so far only considered
haploid genetics. Here I extend the results to models with diploid genetic, as in Appendix
A.1. Again, the heterozygote is assumed to be intermediate in fitness and is assumed to
prefer each homozygote equally in assortative mating models. The recursion equations
are identical to those in Appendix A.1 except for an additional immigration term. For

random mating, we have

2
p2o(t+1) = X <p270(t)(17270(t) + pl’;(t)) + pl’i(t)> (A7)
pat+1) = A (pra@50 4 2O 2020y ) ()
2
po2(t+1) = Xo2 po,Q(t)(pl’;(t) + po2(t)) + pl’i(t)> +m (A.9)
N(t+1) = N@®HX+m (A.10)

where m is the number of immigrants of genotype 0, 2. It is obvious that these equations
are identical to equations A.1-A.4 with the addition of m to A.3 and A.4. Likewise, for
LAMMA and assortatvely mating populations the recursion equations have an additional
term representing immigration.

As in Appendix A.1, the derivatives of the recursion equation for the heterozygotes
can be taken to determine the invasion criterion. I assume that the homozygote ancestral

types are in migration/selection equilibrium, so N(t) = 175, - The derivatives are now

dp171(t + 1) Ml 2 n) 7 (A.ll)

dp(t) p(t):() 11 2 2
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for LAMMA and

dpia(t+1)
dp(t)

= A1 <M1’2) ; (A.12)
p(t)=0 2

for assortative mating. Because the locally adapted type is rare, virtually all heterozygotes

mate with ancestral homozygotes. As in the haploid model, the invasion criteria are

dpia(t+1) A1 (14n) 2

N Ll S = = — Al > — A.13
dp(t) p(t)=0 ? RRET ( )

M = A1 — )\1 1> 2 (A'14)
dp(t) p(t)=0 ? 7 ’

for LAMMA and assortative mating, respectively. These invasion criteria are the same

as those in the haploid model, except that they now refer to the heterozygote fitness.



APPENDIX B

MATING FREQUENCIES FOR LAMMA
WITH ERROR

The mating frequencies can be found by summing over all possible groups of observed
males and integrating over the possible phenotypes of the best male in each genotype, as

described in the text. The generic integral is

)\ni+"j+"kp?ipgjpgke_)‘ Ve—z/(m—,ui)

foo 00 o0 [
T=p; n1=0 £ungy=0 Lun3z=0

nl'nj'nk' 1 — e~ v(T—Hs) (Bl)

ni(1— eu(w—ui))m(l . eu(m—uj))nj(l . €V(w_“k))nkdl’,

which is to say, the product of the probability of observing a given complement of males,
times the probability that the best observed male of class ¢ has phenotype x, times the
probability the all the males of class j and k have worse phenotypes than z, summed
over all possible groups of males and integrated over all possible phenotypes for class
i. Because the male phenotype distribution has a finite domain which depends on the
genotype, this integral can be broken down into regions based on which genotypes can
produce a phenotype.

For the genotype with the smallest phenotype (genotype 1) the mating frequency can
be calculated by looking at four cases. For the purposes of this appendix I will assume
that the viabilities of the genotypes are in the order (1,2,3). If no males are observed, then
males of genotype 1 will receive matings with the same probability as their frequency. If
in a group of observed males, the male with the largest observed phenotype from genotype
1 has a lower phenotype than the minimum for the other genotypes, then he will only be
chosen if there are no males with better genotypes. This is just the probability that no
males from genotypes 2 or 3 are observed. If the best male of genotype 1 has a phenotype
between the minimum for genotype 2 and 3, then we must compute the conditional

probability that his phenotype is greater than all observed genotype 2 males, conditioned
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on no males of genotype 3 being observed. Finally, we can also compute the probability

that the best male of genotype 1 looks better than all other males present. This yields

M, = (ple—kpa—kpl—kpz-i-%muzp%_|_2p%e—>\p3—>\p1—Ap2+umu1+umuzp2+ (B.2)

e—Aps—Am —Ap2+vmuz+rvmus —Ap3—Ap1—Ap2+vmusz+vmusz

b1 p3p2 — € p3p2 —

e—>\p3—>\p1—Ap2+umu3+umu1p3p1 _ Qe—Ap3—>\p1—Ap2+umu1+umuzp1p2 +

2e—>\p3—>\p1—>\pz+va3+va1

—Ap3—Ap1—A\ 2 2
Py p3 —e P3—ApP1—Ap2+ ymu1p1+

e—)\ple'/(*mu2+mu1)—)\pz—)\p3+umu3+umu2p3p2 _’_pii,e—)\pg—)\m—)\pz-i-ZVmul +
€—>\p16"(7"“‘2“”“1)—APQ—Ap3+2vmu2pg+
ple—kpw”(*m“?*m“l)—Apz+umu1—>\p3+umuzp2+
ple_)\ps_Apleu(77rlu3+mu1)_)\p26u(7nu277nu3)+ymul+ymu3p3 .
e—Ap3—>\p1—>\p2+2umuzp%+

plel/(mul +mug)p2 + p%e2umu1)

/ (p2eymu2 + pleumul + pgeme3p2eymu2 + pleumul) )
The same procedure can be carried out for genotype 2, but with only three cases.

2 4 “Ap3—Aprer(—H3+r1) _Apoer(H2—H3) Lyyot
p2( poe VL2 ey(ul ug)pl e~ Aps—Apie p2e Vo yu3p3 (B.3)
— v(—po+p1) _ — v(—potpu1) —
e Apie 2TH1)—Apg )\p3+21/u2p2 e Apie 2THL) —Apo+rpg Ap3+uu2p1

e—>\p1 e¥(=r2ti1) _N\py—Ap3tvpstrpe, e—>\p3 —Ap1—Ap2 +2V,u2p% _

b3

26—>\p3—>\p1—Apz-i-vm—f—vuzpzpl _ e—Apa—Am—)\pz—f—Zump% _

—Ap3—Ap1—A
e AP3—AD1 p2+Vu3+Vu2p3p2_

e—>\p3—>\p1—>\p2+l/us+w1p3p1)/ ((pge”w + pleum + pgew?’)(pgew? + pleym))
For genotype 3 the probability is

—Aps—Apie?(—H#3+r1) _Apyev(h2—H3) DR —AD] —\
p3(ey‘“3—e P3—Ap1e p2e +vp3 4 e P3TAPL p2+14t2p2+ (B.4)

—Ap3—Ap1—AX —Ap3—Ap1—AX
eVH1—AP3—ADL p2p1+e P3—Ap1 p2+V,u3p3)/(p2eVM2 +pleVM1 —|—p36'/“3)
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For rare alleles, I approximate the per capita mating success with a first-order Taylor
expansion of the mating frequency. For a mutant which beats all other strategies, the

success is

Q0 — —v(p—py) —v(p—pg) _ v(pg—miu) 5 _ _ _
(eu,u_e Apie 1)—Apoe 2) —Ap3e¥\H3 +Vmu+e Ap3—Ap1 Ap2+1/,u2p2 +(B5)

—Ap3s—Ap1—AX —Ap3s—Ap1—AX
eVH1—AP3—ADL p2p1+e P3—AP1 p2+V,u3p3)/(p26VM2 +pleVM1 —|—p36'/“3)

For a genotype that mutant which is worse than the current alleles, the success is

eurriu e—>\p3—)\pleu(7“3+”1)—)\p261’(”’27”’3)—}-1/')7211,

(paeh2 4 previ + paevis) (paeh2 4 previ + paevis)
e—)\pg—)\plel’(*ﬂ3+ﬂl)_)\p2eu(H2*H3)+Vmu e_Apleu(7u2+,,¢1)_)\p2+ymf\u_)\p3

+  (B6)

(p2el’/"'2 + plel’/—’d) a (pzeVlQ + plel’/—’d) +

e~ Ap1 e¥(=r2+i1) —\py+uniu—Aps e~ APLFYmu—Ap3—Apa

plenuﬂl pleVﬂl
)\eV(m“—Ml)e—A(p:a-i-pl-i-pz) +)\6—A(p3+p1+p2) —{—6_)‘

For a mutant which looses only to the best current genotype the success is

e,,mu e_)\p3_)\p1eV(*usﬂu)_)\pzevwz*u:’,)_wmu

(poe’t2 + previr + pgevhs) (poe¥i2 + previt 4 pgerhs)

e_)\p3_)\plewfu3+u1)_)\pzeu(urus)_,_ymu e_)\pzefu(wiufuz)_)\pler(m‘ufm)+W,~;u_)\p3

(p2et> + previn) - (p2e¥'2 + previn)

+ (B.7)

+e

Finally, a mutant which is worse than all but one of the current genotypes has success

ewﬁu e_)\p3_)\plel'(*u3+u1)_)\pzevwzfus)_wmu
_ B.8
(p2e¥i2 + pre’i + psevis) (pae¥i2 + pre’i + pgevis) By
e—)\pg—)\plel’(*ﬂ3+ﬂl)_)\p2eu(H2*H3)+Vmu e_Apleu(7u2+,,¢1)_)\p2+ymf\u_)\p3
—~ +
(p2el’/"'2 + plel’/—’d) (pzeVlQ + plel’/—’d)
e~ D1 e?(=r2+11) — \po+umu—Aps e~ AP1 e~ v(mMu—u1) L ynju—Aps —Apo N
- +e

prevHt previ



APPENDIX C

THE LIMITING CASE: GILLESPIE’S
RESULT

The models presented in Gillespie’s original papers (1974, 1975) can be derived from
the exact culling model presented here. For the exact culling model the mean change in

p and the variance of the change in p are

~ p(1-p) B 1103 — 207
M) = pup + p2(1 = p) (Ml M2 ap + (1 —p))> ’ ()

and

2
V(p) — p2 <1+ M1 + [k} )

pp +p2(l—p)  (pap+ pa(l —p))?

p(1 —p) 9 3pu1
n(pip + p2(1 —p))3 <M102 <1 " pap + pa(l —p)> ;

2 + 1-—
1102 <1 4 2p pa( p)))
pip + p2(l —p)

(C.2)

We will now take a limit as the mean offspring production goes to 1 and the variance in
offspring production goes to 0. To accomplish this we adopt the following formality, from

Gillespie (1975),

b = 1ems (€3)

This sets up a particular relationship between the mean offspring production and the
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variance in offspring production which is not biologically motivated. Now, we let ¢ — 0.
Although both the mean and variance in change are 0 at € = 0, the ratio which is used

in the solution to the Kolmogorov equation may have a nonzero limit. To find

2M (p)

al—% V(p) ’ (05)
we apply L’Hopitals rule and find the limit of the derivatives.
. dM(p) v2 — vl
;1_{% I = p(1—p) (ml —m2+ - ) (C.6)
. dV(p) _ p(l—p) (o, 2
lim = = B (1 - p) + sdp) (C.7)

which are equations 1 and 2 from Gillespie (1975).

This is only true for exact culling models, where V(p) — 0 as ¢ — 0. In any model in
which culling itself is stochastic, V(p) will not vanish but M(p) will. In this case, even
the limit of the Kolmogorov term will be 0, and sampling error will dominate variance in

offspring production.



APPENDIX D

BACKWARDS PROOF FOR GENERAL
UTILITY FUNCTIONS

The proof is very short and quite simple. The only assumptions are that the ESS
signaling level, A*(u) exists and given the probability density function for u is g(u), the
average return to a receiver responding to a signal of amplitude a is an increasing function
of a. Additionally the fitness function for signalers to maximize is the product of viability

and an effect due to the response of a receiver.

w(u,a,p) = s(u,a)m(p(a)), (D.1)

where w(u,a,p) is the total fitness of a signaler of utility u, signal amplitude a, and
perceived value p. The survival probability is S(u, a) and the interaction effect is m(p(a)).
At the ESS any individual who deviates from the signaling strategy A*(q) will do worse

by deviating, so w(u, a,p) must be at a maximum with respect to its second argument.

ow(u,a,p)
Oa

_ 0s(u,a)
a=A*(q) Oa

m(p(A*(q))) + s(u, a)p'(a)m’ (p(a)), (D.2)
a=A*(q)

which must equal 0. This yields the differential equation

0s(u,a)

0 ot _ o P(AT(Q)m (p(AY))

s(u, A*(q)) — m(p(4A

(D.3)

The generic solution of this equation is
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_ ap’(a)m’(p(a))

s(qa) =e = mll) . (D.4)

This is only a solution if the returns to the receiver, R(a), are increasing in a. This

condition will be met if the average quality is an increasing function of viability.
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